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ON CONFORMAL QC GEOMETRY, SPHERICAL QC MANIFOLDS AND
CONVEX COCOMPACT SUBGROUPS OF Sp(n+ 1, 1)
YUN SHI AND WEI WANG
Abstract. Conformal qc geometry of spherical qc manifolds are investigated. We construct
the qc Yamabe operators on qc manifolds, which are covariant under the conformal qc trans-
formations. A qc manifold is scalar positive, negative or vanishing if and only if its qc Yamabe
invariant is positive, negative or zero, respectively. On a scalar positive spherical qc manifold,
we can construct the Green function of the qc Yamabe operator, which can be applied to con-
struct a conformally invariant tensor. It becomes a spherical qc metric if the qc positive mass
conjecture is true. Conformal qc geometry of spherical qc manifolds can be applied to study
convex cocompact subgroups of Sp(n+1, 1). On a spherical qc manifold constructed from such
a discrete subgroup, we construct a spherical qc metric of Nayatani type. As a corollary, we
prove that such a spherical qc manifold is scalar positive, negative or vanishing if and only if
the Poincare´ critical exponent of the discrete subgroup is less than, greater than or equal to
2n+ 2, respectively.
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1. Introduction
A locally conformally flat manifold is a Riemannian manifold which is locally conformally
equivalent to the Euclidean space. Its complex counterpart is the spherical CR manifold, which is
a pseudohermitian manifold locally conformally equivalent to the Heisenberg group. A conformal
class of the locally conformally flat manifolds (or spherical CR manifolds) can be described as
a manifold whose coordinate charts are given by open subsets of the Euclidean space (or the
Heisenberg group) and elements of SO(n + 1, 1) (or SU(n + 1, 1)) as transition maps. In this
paper, we will investigate their quaternionic counterpart: the spherical qc manifolds.
The notion of a qc manifold was introduced by Biquard [3] as the quaternionic counterpart
of the notion of a pseudohermitian manifold in the CR geometry. A qc manifold is denoted by
(M,g,Q), where M is a (4n+3)-dimensional manifold, g is the Carnot-Carathe´odory metric on
a codimension three distribution H and Q is a rank-three bundle of quaternionic structures. As
the Tanaka-Webster connection in the CR geometry, the Biquard connection is the canonical
connection for qc manifolds [3]. (M,g,Q) is said to be conformal to (M, g˜,Q), if g˜ = φg for
some positive function φ. A qc manifold (M,g,Q) is called spherical if it is locally conformally
qc equivalent to an open set of the quaternionic Heisenberg group. We are interested in the
conformal classes of spherical qc manifolds. A conformal class can be described as a manifold
whose coordinate charts are given by open subsets of the quaternionic Heisenberg group and
elements of Sp(n+1, 1) as transition maps. This is a topological description of a conformal class
of spherical qc manifolds. The purpose of this paper is to investigate conformal qc geometry for
spherical qc manifolds.
Spherical qc manifolds are abundant. We can construct spherical qc manifolds by taking
connected sums. The connected sum of two spherical qc manifolds is constructed as follows
(cf. § 2.5). Suppose that M(1) and M(2) are two spherical qc manifolds with one puncture
ηi ∈ M(i), i = 1, 2, each. Let U1 and U2 be neighborhoods of η1 and η2, respectively. Now
identify Ui with the ball of quaternionic Heisenberg group with radius 2, centered at origin. We
remove the closed balls with radius t < 1. Let Ui(t, 1), i = 1, 2, be corresponding rings with
inner radius t and outer radius 1. There exist conformal qc transformations mapping U1(t, 1)
to U2(t, 1), which identify the inner boundary of U1(t, 1) with the outer boundary U2(t, 1) and
vise versa. We glue M1 and M2 by such a transformation to get a new spherical qc manifold.
As in the locally conformally flat case and the spherical CR case, convex cocompact subgroups
of Sp(n+1, 1) provide lots of examples of spherical qc manifolds. Sp(n+1, 1) acts isometrically
on the unit ball B4n+4 of the (n+1)-dimensional quaternionic space, when the ball is equipped
with the quaternionic hyperbolic metric. Also Sp(n+1, 1) acts conformally on its boundary, the
sphere S4n+3 with the standard qc metric. Let Γ be a convex cocompact subgroup of Sp(n+1, 1).
The limit set of Γ is
Λ(Γ) = Γq ∩ S4n+3,
for q ∈ B4n+4, where Γq is the closure of the orbit of q under Γ, and
Ω(Γ) = S4n+3\Λ(Γ)
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is the maximal open set where Γ acts discontinuously. It is known that Ω(Γ)/Γ is a compact
spherical qc manifold when Γ is a convex cocompact subgroup of Sp(n + 1, 1). Modelled on
the theory of Riemann surfaces, the basic problems for locally conformally flat manifolds are
their classification and the moduli space. It is so for spherical CR manifolds and spherical qc
manifolds. It is well known that each compact Riemann surface has a metric with constant
curvature, which only depends on the conformal class of Riemann surfaces. This invariant
metric was generalized by Habermann-Jost [11] [12] to the locally conformally flat case. They
constructed a canonical metric on each scalar positive locally conformally flat manifold, which
only depends on the conformal class of such manifolds. This construction was generalized to the
spherical CR case by the second author [33].
The uniformization problem is to show each scalar positive spherical qc manifold can be
constructed from some convex cocompact subgroup of Sp(n+ 1, 1). The problem was solved in
[32] for locally conformally flat manifolds and in [4] for spherical CR manifolds. See [20] and
[35] for discussion of their moduli spaces.
In Section 2, we recall the definitions of a qc manifold, the Biquard connection and the ball
model of the quaternionic hyperbolic space. For our purpose later, we describe explicitly the
flat qc structure on the quaternionic Heisenberg group and the standard spherical qc metric on
the sphere. The group Sp(n + 1, 1) is the group of all (n + 2) × (n + 2) quaternionic matrices
which preserve the following hyperhermitian form:
Q(q, p) = −q1p¯1 − · · · − qn+1p¯n+1 + qn+2p¯n+2,(1.1)
where q = (q1, · · · , qn+2), p = (p1, · · · , pn+2) ∈ Hn+2. In this paper we only consider left
quaternionic vector spaces. So a matrix acts on a vector from right. Sp(n+1, 1) acts isometrically
on the ball model of the quaternionic hyperbolic space and conformally on the sphere with the
standard qc structure. We write down such a conformal action explicitly by calculating the
conformal factor in terms of matrix elements of an element of Sp(n + 1, 1). We also show
that a qc manifold (M,g,Q) is spherical if and only if it is a manifold with coordinates charts
{(Ui, φi)}, where φi : Ui → S4n+3 and transition maps are given by the induced action of
elements of Sp(n+ 1, 1).
Since topologically defined spherical qc manifolds depends on the conformal class of qc met-
rics, we need to study conformal qc geometry. In particular, we are interested in constructing
conformal invariants. We will construct conformally covariant operators, since some quantity
associated to such a operator will provide us a conformal invariant. In this way we can ob-
tain invariants for topologically defined spherical qc manifolds. Given a qc manifold (M,g,Q),
let ∆g,Q be the SubLaplacian operator and let sg,Q be its scalar curvature. In Section 3, we
construct the qc Yamabe operator
Lg,Q = bn∆g,Q + sg,Q,
where bn = 4
Q+2
Q−2 , and Q = 4n + 6 is the homogeneous dimension of M. This is a conformally
covariant operator. Namely, under the conformal change
g˜ = φ
4
Q−2 g,(1.2)
it satisfies the following transformation law
Lg˜,Qf = φ
−Q+2
Q−2Lg,Q(φf),
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for any smooth real function f. Denote by Gg,Q(ξ, ·) the Green function of the qc Yamabe
operator with the pole at ξ, i.e.
Lg,QGg,Q(ξ, ·) = δξ,
where δξ is the Dirac function at the point ξ.
As in the Riemannian case [32] and the CR case [33], we will see that for a connected com-
pact qc manifold (M,g,Q), one and only one of the following cases holds: there is a qc metric
g˜ conformal to g which have either positive, negative or zero scalar curvature everywhere. The
manifold is called scalar positive, scalar negative or scalar vanishing respectively. This is equiv-
alent to its first eigenvalue of the qc Yamabe operator or the qc Yamabe invariant is positive,
negative or zero, respectively. This is a property of conformal classes. On a scalar positive
spherical qc manifold, the Green function of the qc Yamabe operator Lg,Q always exists, and
ρg,Q(ξ, η) =
1
φ(ξ)φ(η)
· CQ‖ξ−1η‖Q−2 , ξ, η ∈ H
n,(1.3)
is its singular part, if we identify a neighborhood of ξ with an open set of the quaternionic
Heisenberg group with the qc metric g = φ
4
Q−2 g0. Here g0 is the standard qc metric on the
quaternionic Heisenberg group H n, ‖ · ‖ is the norm on the quaternionic Heisenberg group and
CQ is a positive constant (3.12). Moreover the limit
(1.4) Ag,Q(ξ) = lim
η→ξ
|Gg,Q(ξ, η) − ρg,Q(ξ, η)|
1
Q−2
of the nonsingular part of the Green function exists, and A2g,Qg is conformal invariant, i.e.
A2g˜,Qg˜ = A2g,Qg,
under the conformal transformation (1.2). We also prove the transformation law of Green
functions under the conformal change (1.2):
Gg˜,Q(ξ, η) =
1
φ(ξ)φ(η)
Gg,Q(ξ, η).
As in the conformal geometry and the CR geometry, we propose the following positive mass
conjecture.
The qc positive mass conjecture: Let (M,g,Q) be a compact scalar positive spherical qc
manifold with dimM = 4n+ 3. Then,
1. For each ξ ∈ M , there exists a local qc diffeomorphism Cξ from a neighborhood of ξ to the
quaternionic Heisenberg group H n such that Cξ(ξ) =∞ and(
C−1ξ
)∗ (
Gg,Q(ξ, ·)
4
Q−2 g
)
= h
4
Q−2 g0,
where
h(η) = 1 +Ag,Q(ξ)‖η‖−Q+2 +O(‖η‖−Q+1),
near ∞, and g0 is the standard qc metric on H n. Ag,Q(ξ) is called the qc mass at the point ξ.
2. Ag,Q(ξ) is nonnegative and is zero if and only if (M,g,Q) is qc equivalent to the standard
sphere.
Li gave the statement of the CR positive mass theorem in [25]. A complete proof of CR
positive mass theorem was given by Cheng, Chiu and Yang in [4] recently.
This conjecture implies that Ag,Q is non-vanishing, so A2g,Qg is a conformally invariant qc
metric. By estimating the qc Yamabe invariant of the connected sum, we prove that some
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connected sum of two scalar positive spherical qc manifolds is also scalar positive. So scalar
positive spherical qc manifolds are abundant.
In Section 5, we recall the definitions of the convex cocompact subgroups of Sp(n+ 1, 1) and
the Patterson-Sullivan measure. The Poincare´ critical exponent δ(Γ) of a discrete subgroup Γ
is defined as
δ(Γ) = inf
s > 0;∑
γ∈Γ
e−
1
2
s·d(p,γ(q)) <∞
 ,
where p and q are two points in the ball B4n+4 and d(·, ·) is the quaternionic hyperbolic distance
on B4n+4. δ(Γ) is independent of the particular choice of points p and q. Fix a point q ∈ B4n+4,
the series ∑
γ∈Γ
e−
s
2
·d(p,γ(q))
converges for s > δ(Γ) and any p ∈ B4n+4, and diverges for any s < δ(Γ). For any convex
cocompact subgroup Γ of Sp(n + 1, 1), there exists a probability measure µΓ supported on its
limit set Λ(Γ), called the Patterson-Sullivan measure, such that
γ∗µΓ = |γ′|δ(Γ)µΓ
for any γ ∈ Γ (cf. [6]), where |γ′| is the conformal factor.
The conformal qc geometry of spherical qc manifolds can be applied to study convex cocom-
pact subgroups of Sp(n + 1, 1). Let GS(ξ, ·) be the Green function of the qc Yamabe operator
with the pole at ξ on the standard sphere S4n+3. In Section 6, by integrating Green function
with respect to the Patterson-Sullivan measure, we define a C∞ function on the open set Ω(Γ) :
φΓ(ξ) =
(∫
Λ(Γ)
GκS(ξ, ζ)dµΓ(ζ)
) 1
κ
, κ =
2δ(Γ)
Q− 2 .
Then
gΓ = φ
4
Q−2
Γ g
is invariant under Γ, and so defines a metric on Ω(Γ)/Γ. This is the qc generalization of Nay-
atani’s canonical metric in conformal geometry [26]. We prove that if δ(Γ) < 2n + 2 (resp.
δ(Γ) > 2n + 2, resp. δ(Γ) = 2n + 2), then the scalar curvature of (Ω(Γ)/Γ, gΓ,Q) is positive
(resp. negative, resp. zero) everywhere. This result was proved for locally conformally flat
manifolds by Nayatani [26]. For spherical CR manifolds it was proved by Nayatani [27] and
Wang [33] independently.
In the Appendix, we give a simple proof of the Green function of the qc Yamabe operator on
the quaternionic Heisenberg group.
2. Qc manifolds
2.1. Qc manifolds. A quaternionic contact (qc) manifold (M,g,Q) is a (4n + 3)-dimensional
manifold M with a codimension three distribution H locally given as the kernel of a R3-valued
1-form Θ = (θ1, θ2, θ3), on which g is a Carnot-Carathe´odory metric. In addition, H has an
Sp(n)Sp(1)-structure, that is, it is equipped with a rank-three bundle
Q = {aI1 + bI2 + cI3|a2 + b2 + c2 = 1},
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which consists of endomorphisms of H locally generated by three almost complex structures
I1, I2, I3 on H satisfying the commutating relation of quaternions:
I1I2 = −I2I1 = I3, I21 = I22 = I23 = −id|H .(2.1)
They are hermitian compatible with the metric:
g(Is·, Is·) = g(·, ·),(2.2)
and satisfy the compatibility condition
g(IsX,Y ) = dθs(X,Y ),(2.3)
for any X,Y ∈ H, s = 1, 2, 3. We denote I := (I1, I2, I3).
We say (M,g,Q) is conformal to (M, g˜,Q) if g˜ = φ
4
Q−2 g for some smooth positive function
φ on M . The conformal class of qc manifolds is denoted by (M, [g],Q). In the definition of qc
manifolds, the R3 valued 1-form Θ is unique up to a rotation by the following lemma.
Lemma 2.1. (cf. p. 100 in [15]) Let (M,g,Q) be a qc manifold. If Θ and Θ′ are two compatible
R3-valued 1-form such that Ker(Θ) = Ker(Θ′) = H locally, then we have Θ′ = ΨΘ for some
Ψ ∈ SO(3)-valued smooth functions Ψ.
Proof. Write Θ = (θ1, θ2, θ3) and Θ
′ = (θ′1, θ
′
2, θ
′
3). The condition Ker(Θ) = Ker(Θ
′) = H
implies that θ′s =
∑3
t=1Ψstθt for some GL(3)-valued function (Ψst). Applying the exterior de-
rivative, we find that dθ′s =
∑3
t=1(dΨst ∧ θt +Ψstdθt), which restricted to H gives g(I ′sX,Y ) =∑3
t=1Ψstg(ItX,Y ) for any X,Y ∈ H. Consequently we have
I ′s =
3∑
t=1
ΨstIt.(2.4)
So we must have (Ψst) ∈ SO(3). 
Given a qc manifold (M,g,Q), there exists a canonical connection defined by Biquard in
[3] when dimM > 7, and by Duchemin in [7] for the 7-dimensional case. It is called Biquard
connection now.
Theorem 2.1. (cf. §2.1.A. in [3]) If (M4n+3, g,Q) (for dimM > 7) has a qc structure and g is
a Carnot-carathe´odory metric on H, then there exists a unique connection ∇ on H and a unique
supplementary subspace V of H in TM , such that
(i) ∇ preserves the decomposition H ⊕ V and the metric;
(ii) for X,Y ∈ H, one has TX,Y = −[X,Y ]V ;
(iii) ∇ preserves the Sp(n)Sp(1)-structure on H;
(iv) for R ∈ V , the endomorphism · → (TR,·)H of H lies in the orthogonal of spn ⊕ sp1;
(v) the connection on V is induced by the natural identification of V with the subspace sp1 of
the endomorphisms of H.
A mapping F : (M˜, g˜, Q˜)→ (M,g,Q) is called a conformal qc mapping if
F ∗g = φg˜, F ∗Q = Q˜,(2.5)
for some positive function φ. The pull back F ∗A of an endomorphism A of H is defined as
F ∗A(X) := F−1∗ [A(F∗X)](2.6)
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for any X ∈ H. If F is invertible and F and F−1 are both qc mappings, F is called a qc
diffeomorphism. If f is a qc diffeomorphism, we must have f∗H˜ = H, where H and H˜ are
horizontal subbundles of TM and TM˜ , respectively.
2.2. The quaternionic Heisenberg group. The simplest qc manifold is the quaternionic
Heisenberg group H n = Hn ⊕ ImH, whose multiplication is given by
(y, t) · (y′, t′) = (y + y′, t+ t′ + 2Im(yy¯′)),
where y, y′ ∈ Hn and t = t1i+ t2j + t3k, t′ = t = t′1i+ t′2j + t′3k ∈ ImH. The conjugation of a
quaternion number x1+x2i+x3j+x4k is x1−x2i−x3j−x4k. The neutral element is (0, 0) and
the inverse of (y, t) is (−y,−t). The norm of the quaternionic Heisenberg group H n is defined
by
‖(y, t)‖ := (|y|4 + |t|2) 14 .(2.7)
We have the following automorphisms of H n:
(1) dilations:
Dδ : (y, t) −→ (δy, δ2t), δ > 0;(2.8)
(2) left translations:
τ(y′,t′) : (y, t) −→ (y′, t′) · (y, t);(2.9)
(3) rotations:
U : (y, t) −→ (yU, t), for U ∈ Sp(n),(2.10)
where
(2.11) Sp(n) = {U ∈ GL(n,H)|UU¯ t = In};
(4) The inversion:
R : (y, t) −→
(
−(|y|2 − t)−1y, −t|y|4 + |t|2
)
;(2.12)
(5) Sp(1) acts on H n as:
σ : (y, t) −→ (σy, σtσ−1),(2.13)
where the action on the first factor is left multiplication by σ ∈ H with |σ| = 1, while the action
on the second factor is isomorphism with SO(3).
Note that for x = x1 + x2i+ x3j+ x4k and x
′ = x′1 + x
′
2i+ x
′
3j+ x
′
4k, we have
(2.14)
Im(xx¯′) = Im{(x1 + x2i+ x3j+ x4k)(x′1 − x′2i− x′3j− x′4k)}
= (−x1x′2 + x2x′1 − x3x′4 + x4x′3)i+ (−x1x′3 + x3x′1 + x2x′4 − x4x′2)j
+ (−x1x′4 + x4x′1 − x2x′3 + x3x′2)k =:
4∑
k,j=1
bskjxkx
′
jis
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(cf. (2.15) in [36]), where bskj is the (k, j)-th entry of the following matrices b
s :
(2.15)
b1 : =

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0
 , b2 :=

0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0
 ,
b3 : =

0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0
 .
It is easy to see that matrices b1, b2, b3 satisfy the commutating relation of quaternions:
(b1)2 = (b2)2 = (b3)2 = −id, b1b2b3 = −id.(2.16)
By (2.14), the multiplication of the quaternionic Heisenberg group in terms of real variables can
written as (cf. [36])
(y, t) · (y′, t′) =
y + y′, ts + t′s + 2 n−1∑
l=0
4∑
j,k=1
bskjy4l+ky
′
4l+j
 ,
where s = 1, 2, 3, y = (y1, y2, · · · , y4n), y′ = (y′1, y′2, · · · , y′4n) ∈ R4n, t = (t1, t2, t3), t′ =
(t′1, t
′
2, t
′
3) ∈ R3. We denote
Y4l+j :=
∂
∂y4l+j
+ 2
3∑
s=1
4∑
k=1
bskjy4l+k
∂
∂ts
,(2.17)
l = 0, . . . , n−1, j = 1, . . . , 4. They are left invariant vector fields on the quaternionic Heisenberg
group H n.
The horizontal subspace H0 := span{Y1, · · · , Y4n} generates the corresponding Lie algebra of
the quaternionic Heisenberg group. The standard R3-valued contact form of the group is
2Θ0 := dt− y · dy¯ + dy · y¯.(2.18)
If we write Θ0 = (θ0;1, θ0;2, θ0;3), then we have
2θ0;s = dts − 2
n−1∑
l=0
4∑
j,k=1
bskjy4l+kdy4l+j , s = 1, 2, 3,(2.19)
by using (2.14) again. Then KerΘ0 = H0. The standard Carnot-Carathe´odory metric on the
group is defined as
g0(Yα, Yβ) = 2δαβ ,
for α, β = 1, · · · , 4n. We set Q0 := {aI1 + bI2 + cI3|a2 + b2 + c2 = 1}, where transformations
Is, s = 1, 2, 3, on H0 are given by
IsY4l+k =
4∑
j=1
bsjkY4l+j ,
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for l = 0, · · · , n− 1, k = 1, 2, 3, 4. It is direct to check I1, I2 and I3 satisfying the commutating
relation of quaternions in (2.1). Recall that the wedge product of 1-forms ω1 and ω2 is given by
(ω1 ∧ ω2)(X,Y ) := ω1(X)ω2(Y )− ω1(Y )ω2(X),(2.20)
for any vector field X and Y. It is easy to see that
dθ0;s(Y4l′+k, Y4l+j) = −
n−1∑
a=0
4∑
j′,k′=1
bsk′j′dy4a+k′ ∧ dy4a+j′(Y4l′+k, Y4l+j)
= −2bskjδll′ = g0(IsY4l′+k, Y4l+j),
since bs is antisymmetric. Thus, g0 is compatible with Θ0. So (H
n, g0,Q0) is a qc manifold.
2.3. The quaternionic hyperbolic space and the standard qc structure on the sphere.
The quaternionic projective space HPn+1 of dimension n+ 1 is the set of left quaternionic lines
in Hn+2. More precisely,
HPn+1 := (Hn+2\{0})/ ∼,
where ∼ is the equivalent relation: (p′1, · · · , p′n+2) ∼ (q′1, · · · , q′n+2) ∈ Hn+2 if there is a non-zero
quaternion number λ such that
(p′1, · · · , p′n+2) = (λq′1, · · · , λq′n+2).
Let P : Hn+2\{0} → HPn+1 be the canonical projection onto the quaternionic projective space.
Under the induced action of Sp(n+ 1, 1) on HPn+1, there are three invariant subsets
D+ := {q′ ∈ HPn+1;Q(q′, q′) > 0},
D0 := {q′ ∈ HPn+1;Q(q′, q′) = 0},
D− := {q′ ∈ HPn+1;Q(q′, q′) < 0}.
Then, as a homogeneous space for Sp(n+ 1, 1), D+ is equivalent to the quaternionic hyperbolic
space. In this case we must have qn+2 6= 0. So a point in D+ is equivalent to (q, 1) for some
q ∈ Hn+1, i.e. (q′−1n+2q′1, · · · , q′−1n+2q′n+1, 1).
We introduce a positive definite hyperhermitian form on Hn+1:
〈q, p〉 := q1p¯1 + · · ·+ qn+1p¯n+1.
It is obvious that U ∈ Sp(n + 1) (cf. (2.11)) if and only if 〈qU, pU〉 = 〈q, p〉 for any q, p ∈ Hn+1.
We have the ball model for quaternionic hyperbolic space:
B4n+4 =
{
q ∈ Hn+1; 〈q, q〉 < 1} .
Let γ = (γij) ∈ Sp(n + 1, 1). γ is a (n + 2)× (n + 2) matrix acts on left quaternionic vector
space Hn+2 from right. For q ∈ Hn+1, (q, 1) is a vector in Hn+2. The right action of γ on this
vector is denoted by (q, 1)γ, whose l-th component is
[(q, 1)γ]l :=
n+1∑
m=1
qmγml + γ(n+2)l, l = 1, · · · , n+ 2.
Note that
([(q, 1)γ]1, · · · , [(q, 1)γ]n+2) ∼ ([(q, 1)γ]−1n+2[(q, 1)γ]1, · · · , [(q, 1)γ]−1n+2[(q, 1)γ]n+1, 1),
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where [(q, 1)γ]n+2 6= 0 by
|[(q, 1)γ]1|2 + · · · + |[(q, 1)γ]n+1|2 − |[(q, 1)γ]n+2|2 = 0,
for q ∈ S4n+3. So Sp(n+ 1, 1) induces an action on S4n+3 by
(2.21) γ(q) :=
(
[(q, 1)γ]−1n+2[(q, 1)γ]1, · · · , [(q, 1)γ]−1n+2[(q, 1)γ]n+1
)
for q ∈ S4n+3.
Sp(n+ 1, 1) also induces an action on B4n+4 in this way.
The fundamental invariant on the unit ball is given by
(q, p) =
1− 〈q, p〉
(1− |q|2) 12 (1− |p|2) 12
,(2.22)
and
|(q, p)| = cosh
(
1
2
d(q, p)
)
,(2.23)
for q, p ∈ B4n+4, where d(q, p) is the quaternionic hyperbolic distance between q and p, which is
invariant under the action of Sp(n+ 1, 1) (cf. p. 523 in [6]).
For a H-valued function f = f1 + f2i+ f3j+ f4k, we set
df : =
4n+4∑
l=1
∂f
∂xl
dxl = df1 + df2i+ df3j+ df4k.
It is easy to see that for two H-valued function f and g, we have
d(f · g) = df · g + f · dg.
In particular, we have dq = dx0 + dx1i+ dx2j+ dx3k if we write q = x0 + x1i+ x2j+ x3k. For
a Hn-valued function f = (f1, · · · , fn), we write df := (df1, · · · , dfn).
For a point ζ = (ζ1, · · · , ζn+1) ∈ S4n+3 =
{
ξ ∈ Hn+1 : |ξ| = 1}, we consider a quaternionic
subspace of the tangent space:
Hζ := {v ∈ Hn+1 : 〈v, ζ〉 = 0}.
It is easy to see that Hζ is a left quaternionic subspace of H-dimension n. Then H = ∪ζ∈S4n+3Hζ
is the standard horizonal bundle of the tangent bundle of the sphere. Let η : [0, 1] → S4n+3
be any smooth curve such that η(0) = ζ. We identify the vector (η′1(0), · · · , η′n+1(0)) with a
tangential vector X0 =
∑4n+4
j=1 vj
∂
∂xj
at point ζ, if we write η′l(0) = v4l−3+ v4l−2i+ v4l−1j+ v4lk.
The standard ImH-valued contact form on S4n+3 is given by
ΘS =
n+1∑
l=1
(
dζl · ζ¯l − ζl · dζ¯l
)
,(2.24)
where ζ = (ζ1, · · · , ζn+1) ∈ S4n+3. If we write ζl = x4l−3+x4l−2i+x4l−1j+x4lk, l = 1, . . . , n+1,
and ΘS = (θ1, θ2, θ3), then we have
θs = −2
n∑
l=0
4∑
k,j=1
bskjx4l+kdx4l+j,
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by using identity (2.14) again, and so
dθs = −2
n∑
l=0
4∑
k,j=1
bskjdx4l+k ∧ dx4l+j .
The transformation Is on Hζ is given by left multiplying is :(
η′1(0), · · · , η′n+1(0)
) 7−→ (isη′1(0), · · · , isη′n+1(0)) .
We can check that
(2.25) is (x1 + x2i+ x3j+ x4k) =
4∑
j,k=1
bsjkxkij−1
(here i0 = 1) (cf. (2.2) in [37]). We define
Is∂x4l+k :=
4∑
j=1
bsjk∂x4l+j ,
for l = 0, · · · , n − 1, j = 1, 2, 3, 4, s = 1, 2, 3. Then for v ∈ Hζ , we have 〈Isv, ζ〉 = 0, i.e.
Isv ∈ Hζ . Qs = {aI1 + bI2 + cI3|a2 + b2 + c2 = 1} is a Sp(n)Sp(1)-structure on H. Denote by
gS the restriction to the horizontal subspace H of the Euclidean metric on S
4n+3 multiplying
a factor 4. We can prove that gS is compatible to ΘS and QS on S
4n+3 as in the case of the
quaternionic Heisenberg group, i.e. for any X,Y ∈ H,
gS(IsX,Y ) = dθs(X,Y ), s = 1, 2, 3.
The group of conformal qc transformations of S4n+3 consists of quaternionic fractional linear
transformation Sp(n+ 1, 1)/center [17]. We have the following qc Liouville type theorem.
Theorem 2.2. (Qc Liouville type theorem) (cf. Theorem 8.5 in [17]) Every conformal
qc transformation between open subsets of S4n+3 is the restriction of a global conformal qc
transformation.
We can identify H n with the boundary Σ of the Siegel domain in Hn+1,
Σ := {(q, qn+1) ∈ Hn ×H : Reqn+1 = |q|2},(2.26)
by using the projection
πˆ : Σ −→ H n,
(q, qn+1) 7−→ (q, |q|2 − qn+1).
The Cayley transform is the map from the sphere S4n+3 minus the southern point to the
quadratic hypersurface Σ defined by
Fˆ : S4n+3 −→ Σ, (ζ, ζn+1) 7−→ (q, qn+1),
where
q = (1 + ζn+1)
−1ζ, qn+1 = (1 + ζn+1)−1(1− ζn+1).(2.27)
Then we have the stereographic projection:
F = πˆ ◦ Fˆ : S4n+3 −→ H n, (ζ, ζn+1) 7−→ (q, t),(2.28)
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given by
q = (1 + ζn+1)
−1ζ, t =
2Imζn+1
|1 + ζn+1|2 .
Proposition 2.1. (cf. p.146 in [15]) The Cayley transform is a conformal qc diffeomorphism
between H n with its standard qc contact structure Θ0 in (2.18) and the sphere minus a point
with its standard qc contact structure ΘS in (2.24). More precisely,
F ∗Θ0 = α
ΘS
2|1 + ζn+1|2 α¯,(2.29)
where α = 1+ζn+1|1+ζn+1| is a unit quaternion.
We have the following corollary.
Corollary 2.1. Suppose that gS is the standard qc metric on S
4n+3 and g0 is the standard qc
metric on H n. We have
F ∗g0 =
gS
2|1 + ζn+1|2 ,(2.30)
where F is the stereographic projection defined by (2.28).
Proof. Let I = (I1, I2, I3) be the standard qc structure on the group H
n and I′ = (I ′1, I
′
2, I
′
3) be
the standard qc structure on the sphere. Let ωs := g0(Is·, ·) = dθs, if we write Θ0 = (θ1, θ2, θ3).
Similarly, let ω′s := gS(I ′s·, ·) = dθ′s, if we write ΘS = (θ′1, θ′2, θ′3). Consider the fundamental
4-form
Ω = ω1 ∧ ω1 + ω2 ∧ ω2 + ω3 ∧ ω3,
on the horizontal subspace H0;p for a fixe point p ∈ H n. It is known that an element g ∈
GL(4n,R) preserving Ω if and only if g ∈ Sp(n)Sp(1) (cf. Lemma 9.1 in [31]), where Sp(n) =
{A ∈ Og0(4n);AIs = IsA, s = 1, 2, 3} and Sp(1) = {a1I1 + a2I2 + a3I3; a21 + a22 + a23 = 1}. Here
A ∈ Og0(4n) means that A is orthogonal with respect to g0 on H0;p. Similar result holds for Ω′.
Write αΘSα¯ = (· · · ,
∑3
k=1 ajkθ
′
k, · · · ). It follows from (2.29) and direct calculation that
F ∗ωj = λ
∑3
k=1 ajkω
′
k as 2-forms on the horizontal subspace, where λ =
1
2|1+ξn+1|2 , and so
F ∗Ω = λ2Ω′.
Then A preserving Ω implies F ∗A preserving Ω′. This is because
Ω′ (F ∗A(X1), · · · , F ∗A(X4)) = λ−2F ∗Ω
(
F−1∗ [A(F∗X1)], · · · , F−1∗ [A(F∗X4)]
)
= λ−2Ω (A(F∗X1), · · · , A(F∗X4))
= λ−2Ω (F∗X1, · · · , F∗X4) = Ω′(X1, · · · ,X4),
where X1, · · · ,X4 ∈ H0;p. Thus F ∗A is orthogonal with respect to gS if A is orthogonal with
respect to g0, and vise versa. But for any X,Y ∈ HS,p with ‖F∗X‖g0 = ‖F∗Y ‖g0 , there exists
an A ∈ Og0(H), such that F∗Y = AF∗X. Then we have
‖Y ‖gS = ‖F−1∗ (F∗Y )‖gS = ‖F−1∗ [A(F∗X)]‖gS = ‖F ∗A(X)‖gS = ‖X‖gS .
This implies that F ∗g0 is conformal to gS , i.e. we can write F ∗g0 = µgS , for some µ > 0.
Consequently, we have F ∗Vol|H0 = µ2n Vol|HS .
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On the other hand, F ∗dθs|HS = λαdθ′sα¯|HS = λgS(Iˆs·, ·)|HS = λωˆs|HS for s = 1, 2, 3, where Iˆ =
αI′α¯, and Iˆs is also an almost complex structure compatible with gS . It follows that (F ∗dθs)2n =
λ2nωˆ2ns on HS, and so F
∗Vol|H0 = λ2n Vol|HS . So we must have µ = λ. The corollary is
proved. 
Then by the transformation formula (2.30), we get the following corollary.
Corollary 2.2. For any ξ = (q, t) ∈ H n, we have
R∗g0|ξ =
1
‖ξ‖4 g0
∣∣∣∣
ξ
, D∗rg0 = r
2g0.(2.31)
Proof. Note that the Cayley transformation Fˆ maps (−ζ,−ζn+1) to(−(1− ζn+1)−1ζ, (1− ζn+1)−1(1 + ζn+1))(2.32)
for (ζ, ζn+1) ∈ S4n+3. The reflection R in (2.12) on the Heisenberg group induces a reflection
Rˆ := πˆ−1 ◦R ◦ πˆ on the quadratic surface Σ in (2.26). It is direct to see that
Fˆ (−ζ,−ζn+1) =
(−q−1n+1q, q−1n+1) = Rˆ(q, qn+1),
for (q, qn+1) = Fˆ (ζ, ζn+1) by (2.27). Then Fˆ ◦ ϕ ◦ Fˆ−1 = Rˆ, where ϕ is the qc isometric
automorphism of S4n+3 given by (ζ, ζn+1) → (−ζ,−ζn+1). Consequently, F ◦ ϕ ◦ F−1 = R.
Then, by Corollary 2.1, we have
R∗g0|ξ =
(
F−1
)∗ ◦ ϕ∗ ◦ F ∗g0∣∣∣
ξ
=
|1 + ζn+1|2
|1− ζn+1|2 g0
∣∣∣∣
ξ
=
1
|qn+1|2 g0|ξ =
1
‖ξ‖4 g0
∣∣∣∣
ξ
,
by (2.27), where ξ = (ζ, ζn+1). The result follows. 
2.4. The conformal action of Sp(n + 1, 1) on the sphere. Let us show the elements of
Sp(n+1, 1) acting conformally on the sphere with the standard qc structure. We need to know
the conformal factor explicitly.
Proposition 2.2. Suppose that γ ∈ Sp(n+1, 1) and ΘS is the standard contact form on S4n+3.
Then we have
γ∗ΘS |ζ = λ
ΘS
|[(ζ, 1)γ]n+2|2 λ¯(2.33)
at point ζ ∈ S4n+3, where
λ =
[(ζ, 1)γ]n+2
|[(ζ, 1)γ]n+2|(2.34)
is a unit quaternion.
Proof. Note that for any x ∈ H,
d(x−1) = −x¯ dx|x|4 x¯.(2.35)
By the action of Sp(n + 1, 1) on the ball B¯4n+4 in (2.21), we have
d[(ζ, 1)γ]l =
n+1∑
m=1
dζmγml = [(dζ, 0)γ]l,
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for ζ ∈ Hn+1, l = 1, · · · , n + 1, where dζ = (dζ1, · · · , dζn+1). We differentiate (2.21) to get
dγ(ζ) =
(
· · · ,− [(ζ, 1)γ]n+2[(dζ, 0)γ]n+2[(ζ, 1)γ]n+2|[(ζ, 1)γ]n+2|4 [(ζ, 1)γ]l + [(ζ, 1)γ]
−1
n+2[(dζ, 0)γ]l, · · ·
)
.
We find that γ(ζ)l = [(ζ, 1)γ]l · [(ζ, 1)γ]−1n+2 and
(2.36)
n+1∑
l=1
dγ(ζ)lγ(ζ)l
=− [(ζ, 1)γ]n+2[(dζ, 0)γ]n+2|[(ζ, 1)γ]n+2|4
n+1∑
l=1
|[(ζ, 1)γ]l|2 + [(ζ, 1)γ]−1n+2
n+1∑
l=1
[(dζ, 0)γ]l[(ζ, 1)γ]l · [(ζ, 1)γ]−1n+2
=− [(ζ, 1)γ]n+2[(dζ, 0)γ]n+2|[(ζ, 1)γ]n+2|2 + [(ζ, 1)γ]
−1
n+2
n+1∑
l=1
[(dζ, 0)γ]l[(ζ, 1)γ]l · [(ζ, 1)γ]−1n+2
=λ
∑n+1
l=1 dζlζ¯l
|[(ζ, 1)γ]n+2|2 λ¯,
by γ preserving the hyperhermitian form Q(·, ·) in (1.1), i.e.,
−
n+1∑
l=1
[(ζ, 1)γ]l[(ζ ′, 1)γ]l + [(ζ, 1)γ]n+2[(ζ ′, 1)γ]n+2 = −ζζ¯ ′ + 1(2.37)
with ζ = ζ ′ in the third identity and |ζ|2 = 1. The last identity follows from differentiating
(2.37) with respect to ζ and setting ζ ′ = ζ to get
n+1∑
l=1
[(dζ, 0)γ]l[(ζ, 1)γ]l − [(dζ, 0)γ]n+2[(ζ, 1)γ]n+2 =
n+1∑
l=1
dζlζ¯l.
Then (2.36) minus its conjugate gives
n+2∑
l=1
(
dγ(ζ)lγ(ζ)l − γ(ζ)ldγ(ζ)l
)
= λ
ΘS
|[(ζ, 1)γ]n+2|2 λ¯.
The proposition is proved. 
LetX0 be the tangential vector given by differentiating along a curve η(t) = (η1(t), · · · , ηn+1(t))
at point ζ. Then the tangential vector γ∗X0 at point γ(ζ) is given by differentiating along the
curve γ(η(t)), i.e.
(
d
dt
∣∣
t=0
γ(η(t))1, · · · , ddt
∣∣
t=0
γ(η(t))n+1
)
, where
(2.38)
d
dt
∣∣∣∣
t=0
γ(η(t))l = [(ζ, 1)γ]
−1
n+2[(η
′(0), 0)γ]l −Aζ · [(ζ, 1)γ]l
by the definition (2.21). Here
Aζ =
d
dt
∣∣∣∣
t=0
[(η(t), 1)γ]−1n+2 =
[(ζ, 1)γ]n+2[(η
′(0), 0)γ]n+2[(ζ, 1)γ]n+2
|[(ζ, 1)γ]n+2|4 ∈ H(2.39)
by (2.35).
The following proposition gives us the conformal factor of the transformation of Sp(n+ 1, 1)
on the sphere with the standard qc metric.
CONFORMAL QC GEOMETRY, SPHERICAL QC MANIFOLDS AND CONVEX COCOMPACT SUBGROUPS15
Proposition 2.3. For γ ∈ Sp(n+ 1, 1), we have
Hγ(ζ) = γ∗Hζ and γ∗gS =
1
|[(ζ, 1)γ]n+2|2 gS .(2.40)
Proof. Let η be a curve in S4n+3 with η(0) = ζ such that η′(0) is horizontal. By γ preserving
the hyperhermitian form in (2.37) again, we have
−
n+1∑
l=1
[(η(t), 1)γ]l [(η(s), 1)γ]l + [(η(t), 1)γ]n+2[(η(s), 1)γ]n+2 = −〈η(t), η(s)〉 + 1.(2.41)
Differentiate it with respect to t at 0 and then let s→ 0 to get
−
n+1∑
l=1
[(η′(0), 0)γ]l [(ζ, 1)γ]l + [(η′(0), 0)γ]n+2[(ζ, 1)γ]n+2 = −〈η′(0), ζ〉 = 0(2.42)
by η′(0) ∈ Hζ . Then we have〈
dγ(η(t))
dt
∣∣∣∣
t=0
, γ(ζ)
〉
=
n+1∑
l=1
(
[(ζ, 1)γ]−1n+2 · [(η′(0), 0)γ]l −Aζ · [(ζ, 1)γ]l
)
[(ζ, 1)γ]l · [(ζ, 1)γ]−1n+2 = 0,
by (2.38), (2.42) and
(2.43) Aζ
n+1∑
l=1
[(ζ, 1)γ]l[(ζ, 1)γ]l · [(ζ, 1)γ]−1n+2 = Aζ · [(ζ, 1)γ]n+2 = [(ζ, 1)γ]−1n+2 · [(η′(0), 0)γ]n+2
by (2.37) and (2.39). It implies that ddt
∣∣
t=0
γ(η(t)) ∈ Hγ(ζ). Thus γ∗Hζ ⊂ Hγ(ζ). They actually
coincide since γ is invertible. Denote ‖X‖2 := gS(X,X) for X ∈ H. Moreover, by (2.38) and
(2.42) again we have
1
4
‖γ∗X0‖2 =
n+1∑
l=1
∣∣∣∣ ddt
∣∣∣∣
t=0
γ(η(t))l
∣∣∣∣2 = n+1∑
l=1
∣∣[(ζ, 1)γ]−1n+2[(η′(0), 0)γ]l∣∣2
+
n+1∑
l=1
|Aζ [(ζ, 1)γ]l|2 − 2Re
n+1∑
l=1
[(ζ, 1)γ]−1n+2[(η
′(0), 0)γ]l · [(ζ, 1)γ]l · Aζ
=
∑n+1
l=1 |[(η′(0), 0)γ]l |2
|[(ζ, 1)γ]n+2|2 + |Aζ |
2
n+1∑
l=1
|[(ζ, 1)γ]l|2 − 2 |[(η
′(0), 0)γ]n+2|2
|[(ζ, 1)γ]n+2|2 =
∑n+1
l=1 |η′l(0)|2
|[(ζ, 1)γ]n+2|2 .
Here we have used
n+1∑
l=1
∣∣[(η′(0), 0)γ]l∣∣2 − ∣∣[(η′(0), 0)γ]n+2∣∣2 = n+1∑
l=1
∣∣η′l(0)∣∣2 ,
which follows from differentiating (2.41) with respect to s and t at 0. Then by γ∗gS(X0,X0) =
gS(γ∗X0, γ∗X0), we complete the proof of (2.40). 
Now we give the pull back formula of the quaternionic structure I in the following proposition.
Corollary 2.3. For γ ∈ Sp(n+ 1, 1), we have
γ∗I = λIλ¯,
where λ is a unit quaternion given by (2.34).
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Proof. It follows from (2.4) in the proof of Proposition 2.2. 
2.5. Spherical qc manifolds and connected sums. A local sphere theorem was proved
by Ivanov and Vassilev in [13], i.e. a qc manifold is spherical if and only if its conformal qc
curvature of the Biquard connection vanishes. See also [1] for a proof using parabolic geometry.
The following proposition tells us that this definition coincides with the topological definition
gives at the beginning of this paper.
Proposition 2.4. A qc manifold (M,g,Q) is spherical if and only if it is a manifold with
coordinate charts {(Ui, φi)}, where φi : Ui → S4n+3 and transition maps are given by induced
action of elements of Sp(n+ 1, 1).
Proof. The necessity follows from the qc Liouville type Theorem 2.2.
Given such coordinate charts {(Ui, φi)} of M, let us construct a qc metric g and a bundle
Q on M. Let χi be a unit partition subordinating to the cover {Ui}, i.e. suppχi ⊂ Ui and∑
i χi ≡ 1. Let g :=
∑
k χkφ
∗
kgS be a Carnot-Carathe´odory metric on Hp = φ
∗
iHφi(p), where
Hφi(p) is the horizontal subspace of the sphere at the point φi(p). This definition of Hp is
independent of the choice of i, since (φji)∗Hφi(p) = Hφj(p) by Proposition 2.3, where transition
map φji := φj ◦ φ−1i ∈ Sp(n+ 1, 1). Then on the open set φi(Ui) ⊂ S4n+3, we have(
φ−1i
)∗
g =
(
φ−1i
)∗(∑
k
χkφ
∗
kgS
)
= χi ◦ φ−1i · gS +
∑
k 6=i
χk ◦ φ−1i · φ∗kigS = BgS
for some positive function B on φi(Ui) by the pull back formula (2.40) for the metric gS in
Proposition 2.3. Therefore g is a spherical qc metric on M . By Proposition 2.3, we have
φ∗jiI = νIν¯ with ν(ζ) =
[(ζ, 1)φji]n+2
|[(ζ, 1)φji]n+2| ,
on Ui∩Uj. We have φ∗ii(I) = I and φ∗kj ◦φ∗ji(I) = φ∗ki(I). Namely φ∗ji satisfy the cocycle condition
and define a sphere bundle. We can choose Θ = φ∗i (BΘS) locally, and the compatibility condition
(2.2)-(2.3) for g and Θ obviously holds, since dΘ = φ∗i (BdΘS) when restricted to the horizontal
subspace. 
For ξ ∈ H n and ǫ > 0, define a ball on the quaternionic Heisenberg group as
BH (ξ, ǫ) := {η ∈ H n; ‖ξ−1 · η‖ < ǫ}.
Let (M,g,Q) be a spherical qc manifold of dimension 4n + 3 with two punctures η1, η2, or
disjoint union of two connected spherical qc manifolds (M(1), g(1),Q(1)), (M(2), g(2),Q(2)) with
one puncture ηi ∈ M(i), i = 1, 2, each. Let U1 and U2 be two disjoint neighborhoods of η1 and
η2, respectively. Let
ψi : Ui → BH (0, 2), i = 1, 2,(2.44)
be local coordinate charts such that ψi(ηi) = 0. For t < 1, define
Ui(t, 1) : = {η ∈ Ui; t < ‖ψi(η)‖ < 1},
Ui(t) : = {η ∈ Ui; ‖ψi(η)‖ < t},
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i = 1, 2. For any t ∈ (0, 1), A ∈ Sp(n) and σ ∈ Sp(1), we can form a new spherical qc manifold
Mt,σ,A by removing the closed balls Ui(t), i = 1, 2, and gluing U1(t, 1) with U2(t, 1) by the
conformal qc mapping Ψt,σ,A : U1(t, 1)→ U2(t, 1) defined by
Ψt,σ,A(η) = ψ
−1
2 ◦Dt ◦R ◦ σ ◦ A ◦ ψ1(η), for η ∈ U1(t, 1),(2.45)
where R : {ζ ∈ H n; t < ‖ζ‖ < 1} → {ζ ∈ H n; 1 < ‖ζ‖ < 1t } is the inversion in (2.12). Note
that Ψt,σ,A is conformal qc with respect to the spherical qc structure Q onM , since Dt◦R◦σ◦UA
is a qc automorphism of the quaternionic Heisenberg group. Such a conformal qc transformation
maps U1(t, 1) to U2(t, 1), which identifies the inner boundary of U1(t, 1) with the outer boundary
U2(t, 1) and vise versa. Let
πt,σ,A : (M1\U1(t)) ∪ (M2\U2(t))→Mt,σ,A(2.46)
be a canonical projection. We call Mt,σ,A the connected sum of M1 and M2, which is a spherical
qc manifold by Proposition 2.4. We denote this spherical qc manifold by (Mt,σ,A, g,Qt,σ,A), where
g is a metric in the conformal class given by Proposition 2.4. As in the locally conformally case,
the connected sums are expected to be not isomorphic for some different choices of t, σ,A [19].
As in the locally conformally flat case, it is interesting to investigate their moduli space.
3. The qc Yamabe operator and its Green function
3.1. The qc Yamabe operator. On a qc manifold (M,g,Q), let us choose a local basis
{Xj}4nj=1 of the horizontal subspace H as in [36]. We choose a local section e1 of H such
that g(e1, e1) = 1. Then, e1, I1e1, I2e1, I3e1 are mutually orthonormal. Set I0 = id|H . Now
choose a local section e2 of H orthonormal to span{Ike1|k = 0, · · · , 3}. Then e2, I1e2, I2e2, I3e2
are mutually orthonormal again and span{Ike1|k = 0, · · · , 3} ⊥ span{Ike2|k = 0, · · · , 3}. Re-
peating this procedure, we can find e1, · · · , en such that {Ikej |j = 1, · · · , n, k = 0, · · · , 3} is a
local orthonormal basis of H under the metric g. Set
X4l+α+1 :=
√
2Iαel+1
for l = 0, · · · , n − 1, α = 0, · · · , 3. Then
g(Xj ,Xk) = 2δjk.
The Carnot-Carathe´odory metric g induces a dual metric on H∗, denoted by 〈·, ·〉g . Since the
Biquard connection ∇ preserves H, we can write the covariant derivative as ∇XjXk = Γk
′
jkXk′ .
By definition, (∇Xω)Y = ∇X(ω(Y ))−ω(∇XY ) for a 1-form ω ∈ Ω1(M). Then we define an L2
inner product 〈·, ·〉g,Q on Γ(H∗) by
〈ω, ω′〉g,Q :=
∫
M
〈ω, ω′〉gdVg,Q,
where the volume form dVg,Q is
dVg,Q := θ1 ∧ θ2 ∧ θ3 ∧ (dθs)2n,(3.1)
s = 1, 2, 3, if we choose Θ = (θ1, θ2, θ3) locally. The volume form is independent of s and the
choice of Θ by the follow proposition.
Proposition 3.1. The volume element dVg,Q only depends on g and Q, not on s or the choice
of the R3-valued contact form Θ = (θ1, θ2, θ3).
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Proof. Let 1-forms {θj}4nj=1 be the basis dual to {Xj}4nj=1. Recall the structure equation (3.6) in
[36], i.e.
dθs = −
n−1∑
l=0
4∑
j,k=1
bskjθ
4l+k ∧ θ4l+j, mod θ1, θ2, θ3,
s = 1, 2, 3, where bs is given by (2.15). By using b1 in (2.15), it is direct to check that
(dθ1)
2n =
(
n−1∑
l=0
2θ4l+1 ∧ θ4l+2 + 2θ4l+3 ∧ θ4l+4
)2n
= 22n(2n)!θ1 ∧ · · · ∧ θ4n, mod θ1, θ2, θ3.
Similarly,
(3.2) (dθs)
2n = 22n(2n)!θ1 ∧ · · · ∧ θ4n, mod θ1, θ2, θ3,
s = 2, 3, and so dVg,Q is independent of s. Let Θ˜ = (θ˜1, θ˜2, θ˜3) be another contact form satis-
fying dθ˜s(X,Y ) = g(IsX,Y ). We can write θ˜s =
∑3
j=1 csjθj, s = 1, 2, 3, for some SO(3)-valued
function (cij) by Lemma 2.1 and simultaneously I˜s =
∑3
j=1 csjIj , s = 1, 2, 3, by the proof of
Lemma 2.1. As the procedure at the beginning of this section, we can choose orthonormal basis
{· · · , ek, I˜1ek, I˜2ek, I˜3ek, · · · }. Then we have
X˜4l+1 = X4l+1, X˜4l+α+1 =
√
2I˜αel+1 =
3∑
β=1
cαβX4l+β+1
for l = 0, · · · , n − 1, α = 1, 2, 3. Dually, we have the dual basis {θ˜i} such that
θ˜4l+1 = θ4l+1, θ˜4l+α+1 =
3∑
β=1
cαβθ
4l+β+1,
for l = 0, · · · , n − 1, α = 1, 2, 3. In fact, we have θ˜4l+1 ∧ · · · ∧ θ˜4l+4 = det(cij)θ4l+1 ∧ · · · ∧ θ4l+4
and det(cij) = 1 by (cij) ∈ SO(3). By (3.2), we have
(3.3)
dVg˜,Q = θ˜1 ∧ θ˜2 ∧ θ˜3 ∧
(
dθ˜s
)2n
= 22n(2n)! det(cij)θ1 ∧ θ2 ∧ θ3 ∧ θ˜1 ∧ · · · ∧ θ˜4n
= 22n(2n)!θ1 ∧ θ2 ∧ θ3 ∧ θ1 ∧ · · · ∧ θ4n = θ1 ∧ θ2 ∧ θ3 ∧ (dθs)2n.
The proposition is proved. 
Denote db := pr ◦ d, where pr is the projection from T ∗M to H∗. We define the SubLaplacian
∆g,Q associated to the qc contact structure (M,g,Q) by∫
M
∆g,Qu · vdVg,Q =
∫
M
〈dbu, dbv〉gdVg,Q(3.4)
for u, v ∈ C∞0 (M). The SubLaplacian ∆g,Q has the following expression.
Proposition 3.2. (cf. p.365 in [36]) For u ∈ C∞(M), we have
∆g,Qu =
1
2
4n∑
j=1
(
−XjXju+
4n∑
k=1
ΓjkkXju
)
.(3.5)
The transformation law of the scalar curvature under the conformal changes was given by
Biquard in [3] for dimM > 7. When dimM = 7, it was given by Duchemin in [7].
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Theorem 3.1. Under the conformal change g˜ = f2g, the scalar curvature becomes
sg˜,Q = f
−2 (sg,Q − 8(n+ 2)TrH∇α− 16(n + 1)(n + 2)|α|2)
where α = f−1df and ∇ is the Biquard connection.
Writing the conformal factor f as eh, we can write the transformation law in the following
form.
Corollary 3.1. The scalar curvature sg˜,Q associated with the structure g˜ = e
2hg satisfies
sg˜,Q = e
−2h
sg,Q + 2(Q+ 2)∆g,Qh− 4n∑
j=1
(Q+ 2)(Q− 2)
2
(Xjh)
2

Proof. Since f = eh, α = dh. Then,
TrH∇α =
4n∑
j=1
(∇Xj/√2α)(Xj/
√
2) =
1
2
4n∑
j
(∇Xjdh)(Xj)
=
1
2
4n∑
j
(
Xj(dh(Xj))− dh(∇XjXj)
)
=
1
2
4n∑
j=1
(
XjXjh−
4n∑
k=1
ΓjkkXjh
)
= −∆g,Qh.
The result follows. 
Corollary 3.2. (cf. p. 360 in [36]) The scalar curvature sg˜,Q associated with the structure
(M, g˜,Q) with g˜ = φ
4
Q−2 g satisfies qc Yamabe equation:
bn∆g,Qφ+ sg,Qφ = sg˜,Qφ
Q+2
Q−2 , bn = 4
Q+ 2
Q− 2 .(3.6)
Now let us derive the transformation law of the qc Yamabe operator. See [28] for such
derivation in the pseudoRiemannian case and [34] in the CR case.
Proposition 3.3. Let (M, g˜,Q) and (M,g,Q) be two qc manifolds. Let g˜ = φ
4
Q−2 g for some
positive smooth function φ on M . Then
∆g,Q(φ · f) = ∆g,Qφ · f + φ
Q+2
Q−2∆g˜,Qf(3.7)
for any smooth function f on M .
Proof. Let Θ = (θ1, θ2, θ3) be a R
3-valued 1-form associated to (M,g,Q) and let Θ˜ = (θ˜1, θ˜2, θ˜3)
be associated to (M, g˜,Q). For any real function h on M , we have
(3.8)
〈∆g,Q(φ · f), h〉g,Q =
∫
M
〈db(φ · f), dbh〉gdVg,Q = 〈dbφ · f + φdbf, dbh〉g,Q
= 〈dbφ, f · dbh〉g,Q + 〈dbf, φ · dbh〉g,Q
= 〈dbφ, db(f · h)〉g,Q + 〈dbf, φ · dbh− h · dbφ〉g,Q
= 〈∆g,Qφ, f · h〉g,Q + 〈dbf, φ · dbh− h · dbφ〉g,Q.
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Let us calculate the second term in the right side of (3.8). By our assumption and Proposition
3.1, we just need to consider Θ˜ = φ
4
Q−2Θ. Then for a fixed s, we have
dθ˜s = d(φ
4
Q−2 θs) =
4
Q− 2φ
6−Q
Q−2 dφ ∧ θs + φ
4
Q−2 dθs,(3.9)
i.e. dθ˜s = φ
4
Q−2dθs mod θ1, θ2, θ3. So, we get
dVg˜,Q = θ˜s ∧ θ˜2 ∧ θ˜3 ∧ (dθ˜s)2n = φ
2Q
Q−2 θ1 ∧ θ2 ∧ θ3 ∧ (dθ1)2n = φ
2Q
Q−2 dVg,Q.(3.10)
Consequently, for 1-forms ω1, ω2 ∈ Γ(H∗), we have
〈ω1, ω2〉g,Q =
∫
M
〈ω1, ω2〉gdVg,Q = 〈φ−2ω1, ω2〉g˜,Q.
Now we find that
〈dbf, φ · dbh− h · dbφ〉g,Q = 〈φ−2dbf, φ · dbh− h · dbφ〉g˜,Q = 〈dbf, db(φ−1h)〉g˜,Q
=
∫
∆g˜,Qf · φ−1hdVg˜,Q =
∫
φ
Q+2
Q−2∆g˜,Qf · hdVg,Q.
The proposition is proved. 
Corollary 3.3. The qc Yamabe operator Lg,Q satisfies the transformation law
Lg˜,Qf = φ
−Q+2
Q−2Lg,Q(φf),(3.11)
if g˜ = φ
4
Q−2 g and f ∈ C∞(M).
Proof. By using (3.6) and (3.7), we have
Lg,Q(φf) = bn∆g,Q(φf) + sg,Qφf = bn
(
∆g,Qφ · f + φ
Q+2
Q−2∆g˜,Qf
)
+ sg,Qφf
= φ
Q+2
Q−2 (bn∆g˜,Qf + sg˜,Qf) .
The result follows. 
3.2. The Green function of the qc Yamabe operator. For simplicity we write Gg0,Q,∆g0,Q,
Lg0,Q, 〈·, ·〉g0,Q as G0, ∆0, L0, 〈·, ·〉0. Since the Biquard connection on H n is trivial [15], its
connections and curvatures vanish. For u ∈ C1(H n), we have
du =
4n∑
j=1
Yju · θj +
3∑
s=1
∂u
∂ts
· θ0;s
and dbu =
∑4n
j=1 Yju · θj, where θj = dyj, and Yj is given by (2.17). Recall that 〈Yj , Yk〉0 = 2δjk
and 〈θj, θk〉0 = 12δjk for j, k = 1, · · · , 4n. Hence,
〈dbu, dbv〉0 = 1
2
4n∑
j=1
Yju · Yjv
for real functions u, v, and the SubLaplacian is
∆0 = −1
2
4n∑
j=1
YjYj
by (3.5).
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A continuous function Gg,Q : M ×M\diagM → R is called the Green function of the qc
Yamabe operator Lg,Q if ∫
M
Gg,Q(ξ, η)Lg,Qu(η)dVg,Q(η) = u(ξ)
for all u ∈ C∞0 (M). Namely, Lg,QGg,Q(ξ, ·) = δξ.
In [22] Kaplan found the explicit form of the fundamental solution of the SubLaplacian on
groups of H-type. Since the quaternionic Heisenberg groups is a group of H-type, we know its
fundamental solution.
Proposition 3.4. The Green function of the qc Yamabe operator L0 = bn∆0 on the quaternionic
Heisenberg group H n with the pole at ξ is
G0(ξ, η) :=
CQ
‖ξ−1η‖Q−2 ,
for ξ 6= η, ξ, η ∈ H n, where ‖ · ‖ is the norm on H n defined by (2.7) and
CQ
−1 = 8(n + 1)(n + 2)bn
∫
R4n+3
|y|2
(|y|4 + |t|2 + 1)n+3 dV0,(3.12)
where dV0 is Lebesgue measure.
In the Appendix, we prove this proposition by simple and direct calculation.
Proposition 3.5. Let (M,g,Q) be a connected compact qc manifold. Then one and only one
of the following cases holds: there is a qc metric g˜ conformal to g which have either positive,
negative or vanishing scalar curvature everywhere.
Proof. The qc Yamabe operator Lg,Q is a formally self-adjoint and subelliptic differential oper-
ator. So its spectrum is real and bounded from below. Let λ1 be the first eigenvalue of Lg,Q
and let φ be an eigenfunction of Lg,Q with eigenvalue λ1. Then φ > 0 and is C
∞ by Theorem
3.6 in [17]. The scalar curvature of (M, g˜,Q) with g˜ = φ
4
Q−2 g is sg˜,Q = λ1φ
− 4
Q−2 by the qc
Yamabe equation (3.6). In particular, sg˜,Q > 0 (resp. sg˜,Q < 0, resp. sg˜,Q ≡ 0) if λ1 > 0 (resp.
λ1 < 0, resp. λ1 = 0). On the other hand, if gˆ has scalar curvature sgˆ,Q > 0 (resp. sgˆ,Q < 0,
resp. sgˆ,Q ≡ 0), the first eigenvalue λˆ1 of Lgˆ,Q obviously satisfies λˆ1 > 0 (resp. λˆ1 < 0, resp.
λˆ1 = 0). 
Remark 3.1. This proposition does not exclude the possibility that a scalar positive qc manifold
has a metric with scalar curvature vanishing or negative somewhere.
Define the qc Yamabe invariant
λ(M,g,Q) := inf
u>0
∫
M
(
bn|∇gu|2 + sg,Qu2
)
dVg,Q(∫
M u
2Q
Q−2 dVg,Q
)Q−2
Q
,(3.13)
where |∇gf |2 =
∑4n
j=1 |Xjf |2 if {Xj} is a local orthogonal basis of H under the Carnot-
Carathe´odory metric g. It is an invariant for the conformal class of qc manifolds (cf. p. 361 in
[36]).
Theorem 1.1 in [36] tells us that, if λ(M,g,Q) < λ(H n, g0,Q0), then (3.13) can be achieved
by a positive C∞ solution u of the qc Yamabe equation (3.6), i.e. it has a constant scalar
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curvature sg˜,Q = λ(M,g,Q) for g˜ = u
4
Q−2 g. It is known that λ(H n, g0,Q0) > 0 (cf. Corollary
2.1 [18]). Thus, (M,g,Q) is scalar negative or zero if and only if λ(M,g,Q) is negative or zero,
respectively. Consequently, (M,g,Q) is scalar positive if and only if λ(M,g,Q) is positive.
From now on in this section, we assume (M,g,Q) to be connected, compact and scalar positive.
In this case, the qc Yamabe operator Lg,Q = bn∆g,Q+ sg,Q is a positive operator and its inverse
always exists. The Green function is the Schwarz kernel of the inverse operator and can be
constructed as in the following proposition. Moreover, we also find the singular part of the
Green function. In this case, the Green function of the qc Yamabe operator Lg,Q is unique.
Proposition 3.6. Let (M,g,Q) be a connected compact spherical qc manifold with positive scalar
curvature and let U be a sufficiently small open set. Then the function Gg,Q(ξ, η) − ρg,Q(ξ, η)
can be extended to a C∞ function on U × U , where ρg,Q(·, ·) is given by (1.3).
Proof. The proof is similar to the CR case. Suppose that U¯ ⊂ U˜ ⊂ H n and g = φ 4Q−2 g0 on U˜ .
We choose a sufficiently small ρ such that BH (ξ, ρ) ⊂ U˜ for any ξ ∈ U . We can construct the
Green function as follows. For ξ, η ∈ U , define
G˜(ξ, η) = G˜(ξ−1η),
where G˜ is the cut-off fundamental solution, i.e. G˜(η˜) =
CQ
‖η˜‖Q−2 f(η˜) for η˜ ∈ H n. Here
f ∈ C∞0 (H n) satisfying f ≡ 1 on BH (0, ρ2 ) and f ≡ 0 on BH (0, ρ)c. Recall that L0 =
− bn2
∑4n
j=1 YjYj, where Yj are given by (2.17). Then,
(3.14)
L0G˜(η˜) =L0
(
CQ
‖η˜‖Q−2 f(η˜)
)
= δ0 − bn
4n∑
j=1
Yj
(
CQ
‖η˜‖Q−2
)
Yjf(η˜) +
CQ
‖η˜‖Q−2L0f(η˜)
=:δ0 + G˜1(η˜)
by
CQ
‖η˜‖Q−2 being the fundamental solution of L0 and Yjf ≡ 0 on BH (0, ρ2 ). Here δ0 is the Dirac
function at the origin with respect to the measure dV0 and G˜1 is defined by the last equality in
(3.14). Set G1(ξ, η) := G˜1(ξ
−1η) for ξ, η ∈ U . Then, G1(ξ, η) ∈ C∞(U ×U) and for each ξ ∈ U ,
G1(ξ, ·) can be naturally extended to a smooth function on M satisfying G1(ξ, η) = 0 for η /∈ U˜ .
By transformation law (3.11) and left invariance of Yj, we find that
Lg,Q(φ(ξ)
−1φ(·)−1G˜(ξ, ·)) = φ(ξ)−1φ(·)−Q+2Q−2L0G˜(ξ, ·) = φ(ξ)−1φ(·)−
Q+2
Q−2 (δ0(ξ
−1·) +G1(ξ, ·))
= δξ + φ(ξ)
−1φ(·)−Q+2Q−2G1(ξ, ·),
on U for ξ ∈ U , where δξ is the Dirac function at point ξ with respect to the measure dVg,Q =
φ
2Q
Q−2 dV0. Now set
G(ξ, η) := φ(ξ)−1φ(η)−1G˜(ξ, η) +G2(ξ, η)(3.15)
for η ∈M , where G2(ξ, η) satisfies
Lg,QG2(ξ, ·) = −φ(ξ)−1φ(·)−
Q+2
Q−2G1(ξ, ·).(3.16)
G2(ξ, ·) exists since Lg,Q is invertible in L2(M). G2(ξ, ·) ∈ C∞(M) for fixed ξ ∈ U by the
subelliptic regularity of Lg,Q. G2(·, η) is also in C∞(U) by differentiating (3.16) with respect to
the variable ξ repeatedly. Now we have Lg,QG(ξ, ·) = δξ, i.e. G(ξ, η) is the Green function of
Lg,Q. By (3.15), Gg,Q(ξ, η) − ρg,Q(ξ, η) ∈ C∞(U × U). 
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We have the following transformation law of Green functions under the conformal qc trans-
formation.
Proposition 3.7. Let (M,g,Q) be a connected, compact, scalar positive spherical qc manifold
and Gg,Q be the Green function of the qc Yamabe operator Lg,Q. Then
Gg˜,Q =
1
φ(ξ)φ(η)
Gg,Q(ξ, η)(3.17)
is the Green function of the qc Yamabe operator Lg˜,Q for g˜ = φ
4
Q−2 g.
Proof. By (3.10) and the transformation law (3.11), we find that∫
M
Gg,Q(ξ, η)Lg˜,Qu(η)
φ(ξ)φ(η)
dVg˜,Q =
1
φ(ξ)
∫
M
1
φ(η)
Gg,Q(ξ, η)φ(η)
−Q+2
Q−2Lg,Q(φu)(η)φ(η)
2Q
Q−2 dVg,Q
=
1
φ(ξ)
∫
M
Gg,Q(ξ, η)Lg,Q(φu)(η)dVg,Q = u(ξ)
for any u ∈ C∞0 (M). The proposition follows form the uniqueness of the Green function. 
4. An invariant tensor on a scalar positive spherical qc manifold
4.1. A tensor invariant under conformal qc transformations.
Theorem 4.1. Let (M,g,Q) be connected, compact, scalar positive, spherical qc manifold, which
is not qc equivalent to the standard sphere. Define
can(g,Q) := A2g,Qg,
where A2g,Q(ξ) is defined in (1.4) if g = φ
4
Q−2 g0 on a neighborhood U of ξ. Here g0 is the standard
qc metric on H n. Then, can(g,Q) is well-defined and depends only on the conformal class [g]
and Q.
Proof. We will verify that Ag,Q is independent of the choice of local coordinates and A2g,Qg is
independent of the choice of g in the conformal class [g]. Suppose g˜ = Φ
4
Q−2 g. Let U ⊂ M be
an open set and let ρ : U → V ⊂ H n and ρ˜ : U → V˜ ⊂ H n be two coordinate charts such that
g = ρ∗
(
φ
4
Q−2
1 g0
)
, g˜ = ρ˜∗
(
φ
4
Q−2
2 g0
)
,
for two positive function φ1 and φ2. Then, f = ρ˜ ◦ ρ−1 : V → V˜ is a qc diffeomorphism of H n
by the qc Liouville type Theorem 2.2 and
f∗g0|ξ′ = φ
4
Q−2 (ξ′) g0|ξ′ with φ(ξ′) = φ1(ξ′)φ−12 (f(ξ′))Φ(ρ−1(ξ′)),
for ξ′ ∈ V . We claim the following the transformation law of the Green function on the quater-
nionic Heisenberg group under a conformal qc transformation:
1
‖f(ξ′)−1f(η′)‖Q−2 =
1
φ(ξ′)φ(η′)
· 1‖ξ′−1η′‖Q−2 ,(4.1)
for any ξ′, η′ ∈ V. Apply this to ξ′ = ρ(ξ), η′ = ρ(η) and f = ρ˜ ◦ ρ−1 to get
1
‖ρ˜(ξ)−1ρ˜(η)‖Q−2 =
1
φ(ρ(ξ))
1
φ(ρ(η))
1
‖ρ(ξ)−1ρ(η)‖Q−2
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and so
Ag˜,Q(ξ) = lim
η→ξ
∣∣∣∣Gg˜,Q(ξ, η)− 1φ2(ρ˜(ξ))φ2(ρ˜(η)) · CQ‖ρ˜(ξ)−1ρ˜(η)‖Q−2
∣∣∣∣ 1Q−2
= lim
η→ξ
∣∣∣∣Gg,Q(ξ, η)Φ(ξ)Φ(η) − 1Φ(ξ)Φ(η)φ1(ρ(ξ))φ1(ρ(η)) · CQ‖ρ(ξ)−1ρ(η)‖Q−2
∣∣∣∣ 1Q−2
= Φ
− 2
Q−2 (ξ) lim
η→ξ
∣∣∣∣Gg,Q(ξ, η)− 1φ1(ρ(ξ))φ1(ρ(η)) · CQ‖ρ(ξ)−1ρ(η)‖Q−2
∣∣∣∣ 1Q−2
= Φ
− 2
Q−2 (ξ)Ag,Q(ξ).
Consequently, we have
A2g˜,Qg˜ = A2g,Qg.
It remains to check (4.1). By qc Liouville type Theorem 2.2, f is a restriction to U of a
qc automorphism of H n, denoted also by f . By the transformation law (3.11), for functions
φ˜ := φ ◦ f−1, u˜ := u ◦ f−1 on V˜ , we have
(4.2)
L0
(
φ˜−1u˜
)∣∣∣
f(η′)
= Lg,Q
(
φ−1u
)∣∣
η′
= φ
−Q+2
Q−2 (η′) L0(u)|η′ ,
f∗dV0|f(η′) = φ
2Q
Q−2 (η′) dV0|η′ .
The first identity follows from the fact that the qc Yamabe operator is independent of the choice
of coordinate charts. Then, by (4.2) and taking transformation f(η′)→ ηˆ, we find that for any
u ∈ C∞0 (H n)∫
H n
CQφ(ξ
′)φ(η′)
‖f(ξ′)−1f(η′)‖Q−2L0u(η
′)dV0(η′) =
∫
H n
CQφ(ξ
′)
‖f(ξ′)−1f(η′)‖Q−2 L0
(
φ˜−1u˜
)∣∣∣
f(η′)
f∗dV0(η′)
=
∫
H n
CQφ(ξ
′)
‖f(ξ′)−1ηˆ‖Q−2 L0
(
φ˜−1u˜
)∣∣∣
ηˆ
dV0(ηˆ) = u(ξ
′).
Now by the uniqueness of the Green function of L0, we find that
G0(ξ
′, η′) =
CQφ(ξ
′)φ(η′)
‖f(ξ′)−1f(η′)‖Q−2 .
Thus, (4.1) follows. The theorem is proved. 
See [24] for the identity (4.1) on the Euclidean space and see [33] on the Heisenberg group.
Corollary 4.1. (M, can(g,Q),Q) is a spherical qc manifold if the qc positive mass conjecture
is true.
Proof. Write g = φ
4
Q−2 g0 locally. Note that by Proposition 3.4, 3.6 and 3.7, we have
Gg,Q(ξ, η)
4
Q−2 g
∣∣∣
η
=
{
ρg,Q(ξ, η) +Ag,Q(ξ) +O(‖ξ−1η‖)
} 4
Q−2 g
∣∣∣
η
=
α(ξ)
‖ξ−1η‖4 ·
{
1 + β(ξ)‖ξ−1η‖Q−2 +O(‖ξ−1η‖Q−1)} 4Q−2 g0∣∣∣∣
η
,
for η near ξ, where
α(ξ) =
(
CQ
φ(ξ)
) 4
Q−2
, β(ξ) =
Ag,Q(ξ)φ(ξ)
2
CQ
.
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Now choose the conformal qc mapping Cξ := R ◦ Dr ◦ τξ−1 on a neighborhood of ξ to H n as
required in the qc positive mass conjecture, where r = α(ξ)−
1
2 . It is easy to see that Cξ(ξ) =∞
and (
C−1ξ
)∗ (
Gg,Q(ξ, η)
4
Q−2 g
)∣∣∣
η˜
= R∗ ◦D∗r−1 ◦ τ∗ξ
(
Gg,Q(ξ, η)
4
Q−2 g
)∣∣∣
η˜
=
(
1 + β(ξ)r−Q+2‖η˜‖−Q+2 +O(‖η˜‖−Q+1)) 4Q−2 g0|η˜,
by Corollary 2.2, where η˜ = Cξ(η). The qc positive mass conjecture promises β(ξ)r
−Q+2 to be
positive. So, Ag,Q is non-vanishing. 
Remark 4.1. Let (M,g,Q) and (M˜ , g˜, Q˜) be two connected, compact, scalar positive spherical
qc manifolds with dimM = dimM˜ , which are both not qc equivalent to the standard sphere
(S4n+3, gS ,QS). Suppose f : (M,g,Q)→ (M˜, g˜, Q˜) be a locally qc diffeomorphism. Then,
f∗can(g˜, Q˜)(X,Y ) ≥ can(g,Q)(X,Y ),
for any tangent vector X,Y ∈ TM . This can be shown as in the CR case (cf. Proposition 3.4
in [33]).
4.2. Scalar positivity of the connected sum of two scalar positive spherical qc man-
ifolds. Scalar positive spherical qc manifolds are abundant by the following proposition.
Proposition 4.1. If t is sufficiently small, the connected sum (Mt,σ,A, g,Qt,σ,A) is scalar posi-
tive.
Proposition 4.1 follows from the following proposition.
Proposition 4.2. If t is sufficiently small, we have λ(Mt,σ,A, g,Qt,σ,A) > 0.
Proof. See [23] for the Riemannian case. We provide more details that are different from the
Riemannian case, compared to the proof of the CR case in [33]. Let
M0 =M1\{ξ1} ∪M2\{ξ2},
and let gˆ be a spherical qc metric on M0. Then, by multiplying a positive function µ ∈
C∞(M)\{ξ1, ξ2}, we can assume g = µgˆ satisfying(
ψ−1i
)∗
g|ξ = g0|ξ‖ξ‖2 on BH (0, 2)\{0},
where ψi : Ui → BH (0, 2), i = 1, 2, are coordinate charts in (2.44). It is easy to see that
gluing mapping Ψt,σ,A in (2.45) preserves the metric
g0|ξ
‖ξ‖2 on t < ‖ξ‖ < 1t , 0 < 23 t < 1, by the
transformation law and Corollary 2.2.
g0|ξ
‖ξ‖2 is invariant under the rotation A, transformation
σ and the inversion R. Hence we can glue g by Ψt,σ,A to obtain a spherical qc metric that
coincides with g on M1\U1(t)∪M2\U2(t). We denote the resulting qc metric also by g by abuse
of notations. We denote the connected sum by (Mt, g,Qt). Here we omit the subscripts σ and
A for simplicity. The scalar curvature of g on BH (0, 1)\{0} is
sg,Q(ξ) =
(Q− 2)(Q+ 2)
2
· |y|
2
‖ξ‖2 , for ξ = (y, t) ∈ H
n,
by (A.8) in Appendix.
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(M0, g,Q) has two cylindrical ends. We can identify the ball with cylindrical end by the
mapping
(4.3)
φ : B(0, 1) −→ [0,∞)× Σn
ξ = De−u(η) 7−→
(
ln
1
‖ξ‖ ,
ξ
‖ξ‖
)
= (u, η),
where Σn = {η ∈ H n; ‖η‖ = 1} is diffeomorphic to the sphere S4n+2. Define a Carnot-
Carathe´odory metric
g˜|ξ = (φ−1)∗
(
g0|ξ
‖ξ‖2
)
on [0,∞) × Σn and Θ˜ = (θ˜1, θ˜2, θ˜3) is a compatible contact form. (BH (0, 1)\{0}, g0‖ξ‖2 ,Q) is qc
equivalent to ([0,∞) × Σn, g˜,Q). Since
(ψ−1i )
∗dVg,Q =
dV0
‖ξ‖Q
is invariant under rescaling, it is easy to see that the measure θ˜1 ∧ θ˜2 ∧ θ˜3 ∧ (dθ˜s)2n is invariant
under translation (u′, ξ)→ (u′ + u0, ξ) on [0,∞)× Σn. As a measure, we have
θ˜1 ∧ θ˜2 ∧ θ˜3 ∧ (dθ˜s)2n = dudSΣn ,(4.4)
where dSΣn is a measure on Σ
n. set
l = ln
1
t
,
and write
(M0, g,Q) = ([0,∞)× Σn, g˜,Q) ∪ (Mˆ , g,Q) ∪ ([0,∞) × Σn, g˜,Q),
where Mˆ =M\(U1(1) ∪ U2(1)). We identify two pieces of (0, l) × Σn, g˜,Q) to get (Mt, g,Qt).
Denote by yη the y-coordinate of η ∈ Σn, i.e. we can write η = (yη, tη) ∈ H n for some
tη ∈ R3. Then,
|∇g˜u| =
∣∣∣∣∇g (ln 1‖ξ‖
)∣∣∣∣ = 12 |yξ|2 = 12e−2u|yη|2,(4.5)
where ξ = (yξ, tξ) for some tξ, and
sg˜,Q(u, η) =
(Q− 2)(Q + 2)
2
|yη|2,(4.6)
by (A.7) and (A.8) in the appendix. By the definition of the Yamabe invariant λ(Mt, g,Qt), we
can find a positive function fl ∈ C∞(Mt) such that∫
Mt
(
bn|∇gfl|2 + sg,Qtf2l
)
dVg,Qt < λ(Mt, g,Qt) +
1
l
,(4.7)
and ∫
Mt
f
2Q
Q−2
l dVg,Qt = 1.(4.8)
Put A1 = −min
{
0,minx∈Mˆ sgˆ,Q
}
Vol(Mˆ )
4
Q−2 , which is uniformly bounded by Vol(M,g). Thus
by using Ho¨lder’s inequality we get from (4.7) that∫
[0,l]×Σn
(
bn|∇g˜fl|2 + sg˜,Qtf2l
)
dudSΣn < λ(Mt, g,Qt) +
1
l
+A1,
CONFORMAL QC GEOMETRY, SPHERICAL QC MANIFOLDS AND CONVEX COCOMPACT SUBGROUPS27
(cf. Lemma 6.2 in [23]). Note that sg˜,Qt is nonnegative on [0,∞)×Σn by (4.6). Therefore, there
exists l∗ ∈ [0, l] such that∫
l∗×Σn
(
bn|∇g˜fl|2 + sg˜,Qtf2l
)
dSΣn <
λ(Mt, g,Qt) +
1
l +A1
l
,
i.e. we have the estimate∫
Σn
(|∇g˜fl(l∗, η)|2 + |yη|2f2l (l∗, η)) dSΣn(η) < Cl ,(4.9)
by the scalar curvature of g in (4.6), where C is a constant independent of l (because the
qc Yamabe invariants λ(Mt, g,Qt) for t > 1 have a uniform upper bound by choosing a test
function). It is different from the Riemannian case that the scalar curvature
g0|ξ
‖ξ‖2 is not constant.
But it is still independent of the variable u. Now define a Lipschitz function Fl on M0 by Fl = fl
on [0, l∗)× Σn ∪ Mˆ ∪ [0, l − l∗)× Σn and
(4.10) Fl(u, x) =
{
(l∗ + 1− u)f˜l(u, x) for (u, x) ∈ [l∗, l∗ + 1]× Σn,
0 for (u, x) ∈ [l∗ + 1,∞)× Σn,
where f˜l(u, x) = fl(l∗, x) and similarly on [l − l∗,∞)× Σn.
By definition, |∇g˜Fl| = |∇g˜fl| and F 2l = f2l hold on [0, l∗)×Σn ∪ Mˆ ∪ [0, l− l∗)×Σn. On the
other hand, note that |∇g˜Fl| ≤ |∇g˜u||f˜l|+ |∇g˜f˜l| pointwisely on (l∗, l∗ + 1)× Σn by definition.
By (4.5), (4.6) and estimate (4.9), we find that∫
(l∗,l∗+1)×Σn
(
bn|∇g˜Fl|2 + sg˜,QF 2l
)
dudSΣn ≤ C ′
∫
(l∗,l∗+1)×Σn
(
|∇g˜ f˜l|2 + |yη|2f˜l2
)
dudSΣn(η)
≤ C ′′
∫
Σn
(|∇g˜fl(l∗, η)|2 + |yη|2f2l (l∗, η)) dSΣn(η) ≤ B′l
by |∇g˜f˜l(u, η)| = |∇g˜f˜l(l∗, η)| ≤ |∇g˜fl(l∗, η)| pointwisely, since horizontal subspace H and g˜ are
invariant under the translation (u, η)→ (u+u0, η) and f˜l is independent of u. Therefore, we get∫
M0
(
bn|∇gFl|2 + sg,QF 2l
)
dVg,Q < λ(Mt, g,Qt) +
B
l
,
for some constant B independent of l.
Obviously from (4.8) and the definition of Fl, we get∫
M0
F
2Q
Q−2
l dVg,Q > 1.
Therefore,
inf
F>0
∫
M0
(
bn|∇gF |2 + sg,Q
)
dVg,Q(∫
M0
F
2Q
Q−2dVg,Q
)Q−2
Q
< λ(Mt, g,Qt) +
B
l
,(4.11)
where the infimum is taken over all nonnegative Lipshitz functions with compact support. It
follows from the definition of the Yamabe invariant that the left side is greater than or equal to
λ(M,g,Q). If (M,g,Q) is a disjoint union of (M1, g1,Q) and (M2, g2,Q), we have
λ(M,g,Q) = min{λ(M1, g1,Q), λ(M2, g2,Q)},(4.12)
by the definition of the qc Yamabe invariant. From (4.11) and (4.12), λ(Mt, g,Qt) is positive if
l is sufficiently large, i.e. t is sufficiently small. We complete the proof. 
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5. The convex cocompact discrete subgroups of Sp(n+ 1, 1)
5.1. Convex cocompact subgroups of Sp(n + 1, 1). A group G is called discrete if the
topology on G is the discrete topology. We say that G acts discontinuously on a space X at
point q if there is a neighborhood U of q, such that g(U)∩U = ∅ for all but finitely many g ∈ G.
Let Γ be a discrete subgroup of Sp(n+ 1, 1). Choose q ∈ B4n+4. We define the limit set of Γ
by
Λ(Γ) := Γq ∩ S4n+3,
where Γq is the closure of the orbit of q under Γ. It is known that Λ(Γ) does not depend on the
choice of q ∈ B4n+4 (cf. Proposition 1.4 and Proposition 2.9 in [9]). The limit set Λ(Γ) of all
limit points is closed and invariant under Γ. The radial limit set of Γ is
Λr(Γ) :=
{
ξ ∈ Λ(Γ)
∣∣∣∣lim infT→∞ d(ξT , γ(0)) <∞, γ ∈ Γ
}
,
where ξT refers to the point on the ray from 0 to ξ for which d(0, ξT ) = T and d(·, ·) is the
quaternionic hyperbolic distance.
Ω(Γ) := S4n+3\Λ(Γ)
is the maximal domain in S4n+3 on which Γ acts properly discontinuously by Proposition 8.5 in
[9]. Γ is called a Kleinian group if Ω(Γ) is non empty. A Kleinian group is called elementary if
Λ(Γ) contains at most two points. The Kleinian manifold associated to Γ is defined to be
M¯Γ = (B
4n+4 ∪ Ω(Γ))/Γ.
It is know that Ω(Γ)/Γ is a smooth manifold and M¯Γ is a manifold with boundary (cf. the
proof of Corollary 11.11 in [9]). Γ is called convex cocompact if M¯Γ is a compact manifold with
boundary. In this case, Ω(Γ)/Γ is a compact smooth manifold.
Two basic properties of convex cocompact groups are given in the following proposition.
Proposition 5.1. (cf. p. 528 in [6]) Suppose that Γ is a convex cocompact group of Sp(n+1, 1).
Then,
(i) The radial limit set coincides with the limit set.
(ii) Any small deformation of the inclusion ι : Γ → Sp(n + 1, 1) maps Γ isomorphically to a
convex cocompact group.
An interesting class of convex cocompact groups can be obtained as follows. For a convex
cocompact group Γ in Sp(n+1, 1), there is a large family of infinitesimal deformations of Γ and
these are all unobstructed. The small deformations give convex cocompact groups by (ii) above.
Let {Ci, C ′i}ki=1 be the boundary of mutually disjoint balls {Di,D′i}ki=1, where Di = BH (ξi, ri)
and D′i = BH (ξ
′
i, r
′
i), for some points ξi, ξ
′
i ∈ H n, ri, r′i > 0, i = 1, · · · , k. There always exist
group elements γi ∈ Sp(n+ 1, 1) such that
γi(H
n\D¯i) = D′i
(the “dilations” with the origin and infinity played by the centers of balls Di and D
′
i, respec-
tively). Then {γi} generates a convex cocompact subgroup Γ which is isomorphic to the free
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group of rank k. As in the Riemannian case , we call such group the Schottky group. It is easy
to see that S4n+3\ ∪k1 (Di ∪D′i) is the fundamental domain for Γ. Ω(Γ)/Γ is diffeomorphic to
k = (S1 × S4n+2)♯ · · · ♯(S1 × S4n+2),(5.1)
♯ is the connected sum operation defined by (2.46).
See also [2] for other interesting examples of convex cocompact groups.
5.2. The Patterson-Sullivan measure.
Theorem 5.1. (cf. p. 532 in [6]) For any convex cocompact Kleinian group Γ ⊂ Sp(n + 1, 1),
there exists a probability measure µΓ supported on Λ(Γ) such that
γ∗µΓ = |γ′|δ(Γ)µΓ(5.2)
for any γ ∈ Γ, where |γ′| is the conformal factor.
See also [10] and [33] for Patterson-Sullivan measure for the complex case. We need to
know the explicit conformal factor |γ′| for our purpose later. Fix a point q ∈ Hn+1, the series∑
γ∈Γ e
− s
2
·d(p,γ(q)) converges for s > δ(Γ) for any p ∈ B4n+4, and diverges for any s < δ(Γ). Fix
a reference point 0 ∈ B4n+4. Let us recall the definition of Patterson-Sullivan measure in [30].
Define a family of measures as
µs,p :=
∑
γ∈Γ e
− 1
2
s·d(p,γ(q))δγ(q)∑
γ∈Γ e
− 1
2
s·d(0,γ(q)) ,(5.3)
where δγ(q) is the Dirac measure supported at point γ(q). For each s > δ(Γ), this is a finite
positive measure concentrated on Γq ⊂ Γq. The set of all probability measures on Γq is compact
(cf. p. 532 in [6]), and so there is a sequence si approaching δ(Γ) from above such that µsi,p
approaches a limit µs,p. After rewriting the coefficients, we may assume that the denominator
in (5.3) diverges at s = δ(Γ). Thus, we replace the above expression by
µs,p =
∑
γ∈Γ aγe
− 1
2
s·d(p,γ(q))δγ(q)∑
γ∈Γ aγe
− 1
2
s·d(0,γ(q))(5.4)
with aγ ’s so chosen that the denominator converges for s > δ(Γ) and diverges for s ≤ δ(Γ). The
denominator of this expression will be denoted by L(s, 0). The definition of the measure µs does
not depend on p ∈ B4n+4 and the choice of aγ (cf. p. 532 [6]). The Patterson-Sullivan measure
is the weak limit of these measures:
µΓ,p = lim
si→δ(Γ)+
µsi,p.
Since we use the right action of matrix, here γ−1(γ′(q)) = (γ′γ−1)(q). For any γ ∈ Sp(n + 1, 1)
and any f ∈ C(B¯), we have
(γ∗µsi,p)(f) =
∑
γ′∈Γ aγ′e
− 1
2
si·d(p,γ′(q))γ∗δγ′(q)(f)
L(si, 0)
=
∑
γ′∈Γ aγ′e
− 1
2
si·d(γ−1(p),γ−1(γ′(q)))f(γ−1(γ′(q)))
L(si, 0)
=
∑
γ′∈Γ aγ′γe
− 1
2
si·d(γ−1(p),γ′(q))f(γ′(q))
L(si, 0)
= µsi,γ−1(p)(f)
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by the invariance of the quaternionic hyperbolic distance d(·, ·) under the action of Sp(n+1, 1).
It is easy to see that {aγ′γ} is also such sequence satisfying the definition for fixed γ. Letting
si → δ+, we get
γ∗µΓ,p = µΓ,γ−1(p).
Recall that we have the following the Radon-Nikodym relation (cf. p.77, p.81 in [38]):
dµΓ,γ−1(p)
dµΓ,p
∣∣∣∣
ξ
= e−
δ
2
ρp,ξ(γ
−1(p)), ξ ∈ S4n+3,
where ρp,ξ(q) is the Buseman function at ξ ∈ Λ(Γ) normalized such that ρp,ξ(p) = 0. It follows
from the formula of Buseman function (cf. p. 81 in [38]),
ρp,ξ(q) = ln
|1− 〈p, p〉||1− 〈q, ξ〉|2
|1− 〈q, q〉||1 − 〈p, ξ〉|2 ,
that
dµΓ,γ−1(p)
dµΓ,p
∣∣∣∣
ξ
=
∣∣1− 〈γ−1(p), γ−1(p)〉∣∣ 12 |1− 〈p, ξ〉|
|1− 〈p, p〉| 12 |1− 〈γ−1(p), ξ〉|
δ(Γ) ,
for ξ ∈ S4n+3. Then, for p = 0, we have
dµΓ,γ−1(0)
dµΓ,0
∣∣∣∣
ξ
= lim
η→ξ
∣∣1− 〈γ−1(0), γ−1(0)〉∣∣ 12 |1− 〈0, η〉|
|1− 〈0, 0〉| 12 |1− 〈γ−1(0), η〉|
δ(Γ)
= lim
η→ξ
∣∣∣∣ (0, η)(γ−1(0), η)
∣∣∣∣δ(Γ) = limη→ξ
∣∣∣∣ (0, η)(0, γ(η))
∣∣∣∣δ(Γ)
= lim
η→ξ
∣∣∣∣1− 〈γ(η), γ(η)〉1− 〈η, η〉
∣∣∣∣
δ(Γ)
2
=
1
|[(ξ, 1)γ]n+2|δ(Γ)
,
by (2.37), where η ∈ B4n+4 and |(·, ·)| defined in (2.22)-(2.23) is invariant under Sp(n+1, 1). So
if we define µΓ := µΓ,0, we get
γ∗dµΓ(ξ) =
1
|[(ξ, 1)γ]n+2|δ(Γ)
dµΓ(ξ).
Then, we have
Proposition 5.2. For any γ ∈ Γ, the conformal factor
|γ′(ξ)| = 1|[(ξ, 1)γ]n+2| , for ξ ∈ S
4n+3.
Theorem 5.2. (cf. p. 533 in [6]) If Γ ∈ Sp(n + 1, 1) is a convex cocompact group which is
not contained in any proper parabolic subgroup. Then the measure µΓ coinsides with δ(Γ)-
dimensional Hausdorff measure concentrated on Λ(Γ), i.e. there exist constants C1 < C2 and R
such that if ξ ∈ Λ(Γ) and r < R, then
C1 ≤ µΓ(Br(ξ))
rδ(Γ)
≤ C2,
where Br(ξ) is the ball in S
4n+3 with radius r under the Carnot-Carathe´odory distance dcc.
Here dcc(p, q) = infγ
∫ 1
0 |γ′(t)|dt for any p, q ∈ S4n+3, where γ : [0, 1] → S4n+3 are Lipschitzian
horizontal curves, i.e. γ′(t) ∈ Hγ(t) almost everywhere.
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6. An invariant qc metric of Nayatani type
When the spherical qc manifold is Ω(Γ)/Γ for some convex cocompact subgroup Γ of Sp(n+
1, 1), we can construct an invariant qc metric gΓ, which is the qc generalization of Nayatani’s
canonical metric in conformal geometry [26].
Define a C∞ function on Ω(Γ) by
φΓ(ξ) :=
(∫
Λ(Γ)
GκS(ξ, ζ)dµΓ(ζ)
) 1
κ
, κ =
2δ(Γ)
Q− 2 .
Set gΓ := φ
4
Q−2
Γ gS . Since
GS(γ(ξ), γ(ζ)) = |γ′(ξ)|−
Q−2
2 |γ′(ζ)|−Q−22 GS(ξ, ζ)
by the notation |γ′| in Proposition 5.2, Proposition 2.3 and the transformation law of Green
functions (3.17), we have
(6.1)
φΓ(γ(ξ)) =
(∫
Λ(Γ)
G
2δ(Γ)
Q−2
S (γ(ξ), ζ)dµΓ(ζ)
) Q−2
2δ(Γ)
=
(∫
Λ(Γ)
G
2δ(Γ)
Q−2
S (γ(ξ), γ(ζ))dγ
∗µΓ(ζ)
) Q−2
2δ(Γ)
=
(∫
Λ(Γ)
|γ′(ξ)|−δ(Γ)G
2δ(Γ)
Q−2
S (ξ, ζ)dµΓ(ζ)
) Q−2
2δ(Γ)
= |γ′(ξ)|−Q−22 φΓ(ξ)
by using formula (5.2). Therefore, (6.1) together with Proposition 2.3 and Proposition 5.2
implies that γ∗gΓ = gΓ. So it induces a spherical qc metric on Ω(Γ)/Γ.
Theorem 6.1. Let Γ be a convex cocompact subgroup of Sp(n+1, 1) such that Λ(Γ) 6= {point}.
Then, if δ(Γ) < 2n + 2 (resp. δ(Γ) > 2n + 2, resp. δ(Γ) = 2n + 2), the scalar curvature of
(Ω(Γ)/Γ, gΓ,Q) is positive (resp. negative, resp. zero) everywhere.
Proof. To calculate its scalar curvature, pull back the qc metric gΓ locally to the quaternionic
Heisenberg group by the quaternionic Cayley transformation. Without loss of generality, we
can assume that the southern point (0, · · · , 0,−1) of the sphere S4n+3 is contained in Ω(Γ). Let
ξ ∈ Ω(Γ). Under the stereographic projection F defined by (2.28), we have
GS(F
−1(ξ), F−1(ξ′)) =
(
1
2 |1 + pn+1|2
)−Q−2
4
(
1
2
∣∣1 + p′n+1∣∣2
)−Q−2
4
G0(ξ, ξ
′),(6.2)
by Corollary 2.1 and Proposition 3.6, where (p, pn+1) = F
−1(ξ), (p′, p′n+1) = F
−1(ξ′) ∈ S4n+3.
Define the set Λ˜(Γ) and the measure µ˜Γ on H
n by
(6.3) Λ˜(Γ) := F (Λ(Γ)), µ˜Γ(ξ
′) :=
(
1
2
∣∣1 + p′n+1∣∣2
)− δ(Γ)
2 (
F−1
)∗
µΓ(ξ
′),
and the metric g˜Γ on H
n\Λ˜(Γ) by
g˜Γ =
(
F−1
)∗
gΓ.
By the stereographic projection F , Γ induces an action on H n. It follows that that the set Λ˜(Γ)
and the metric g˜Γ on H
n are both invariant under the action of Γ.
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Now we begin to calculate its scalar curvature. Write g˜Γ|ξ = u
4
Q−2 (ξ)g0|ξ. with
u(ξ) =
(
1
2 |1 + pn+1|2
)Q−2
4
(∫
Λ(Γ)
GκS(F
−1(ξ), ζ)dµΓ(ζ)
) 1
κ
=
(∫
Λ˜(Γ)
Gκ0(ξ, ξ
′)dµ˜Γ(ξ′)
) 1
κ
,
by using (6.2), Corollary 2.1 and the definition of the measure µ˜Γ in (6.3). Denote
g˜Γ|ξ := e2f(ξ)g0|ξ, φ(ξ, η) := G
2
2−Q
0 = C
2
2−Q
Q ‖ξ−1η‖2
for ξ, η ∈ H n. Then
f(ξ) =
1
δ(Γ)
ln
(∫
Λ˜(Γ)
φ(ξ, η)−δ(Γ)dµ˜Γ(η)
)
,
and the scalar curvature of g˜Γ is
sg˜Γ,Q = 2(Q+ 2)e
−2f(ξ)
∆0f − 4n∑
j=1
Q− 2
4
(Yjf)
2

by Corollary 3.1. Note that,
Yjf(ξ) = −
∫
Λ˜(Γ)
φ−1η (ξ)Yjφη(ξ)dν(η),
where φη(·) := φ(·, η) and the measure
dν(η) :=
(∫
Λ˜(Γ)
φη(ξ)
−δdµ˜Γ(η)
)−1
φ−δη (ξ)dµ˜Γ(η)(6.4)
depends on ξ, where δ := δ(Γ). Then,
YjYjf(ξ) = −
∫
Λ˜(Γ)
φ−1η YjYjφηdν + (δ + 1)
∫
Λ˜(Γ)
(
φ−1η Yjφη
)2
dν − δ
(∫
Λ˜(Γ)
φ−1η Yjφηdν
)2
,
and so
(6.5)
∆0f − Q− 2
4
4n∑
j=1
(Yjf)
2 = −
∫
Λ˜(Γ)
φ−1η ∆0φηdν −
(δ + 1)
2
∫
Λ˜(Γ)
φ−2η
4n∑
j=1
|Yjφη|2dν
+
δ
2
4n∑
j=1
(∫
Λ˜(Γ)
φ−1η Yjφηdν
)2
− Q− 2
4
4n∑
j=1
(∫
Λ˜(Γ)
φ−1η Yjφηdν
)2
=
(
Q
4
− δ + 1
2
)∫
Λ˜(Γ)
φ−2η
4n∑
j=1
|Yjφη|2dν −
4n∑
j=1
(∫
Λ˜(Γ)
φ−1η Yjφydν
)2
− Q
4
∫
Λ˜(Γ)
φ−2η
4n∑
j=1
|Yjφη|2dν −
∫
Λ˜(Γ)
φ−1η ∆0φηdν,
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by ∆0 = −12
∑4n
j=1 YjYj. Direct calculation gives
∆0φη =
2
2−QG
Q
2−Q
0 ∆0G0 −
Q
(2−Q)2G
2Q−2
2−Q
0
4n∑
j=1
|YjG0|2,
and
4n∑
j=1
|Yjφη |2 = 4
(2−Q)2G
2Q
2−Q
0
4n∑
j=1
|YjG0|2.
Moreover, ∆0G0(ξ, η) = 0 for ξ 6= η. We see that the last two terms in (6.5) are canceled. Thus,
sg˜Γ,Q = 2(Q+ 2)
(
Q
4
− δ + 1
2
)
e−2f
∫
Λ˜(Γ)
φ−2η
4n∑
j=1
|(Yjφη |2dν −
4n∑
j=1
(∫
Λ˜(Γ)
φ−1η Yjφηdν
)2 .
Let A = (Ajk) be the symmetric matrix with
Ajk =
∫
Λ˜(Γ)
φ−1η Yjφη · φ−1η Ykφηdν −
∫
Λ˜(Γ)
φ−1η Yjφηdν
∫
Λ˜(Γ)
φ−1η Ykφηdν(6.6)
Note that for real number aj, j = 1, · · · , 4n, we have
4n∑
j,k=1
Ajkajak =
∫
Λ˜(Γ)
h2dν −
(∫
Λ˜(Γ)
hdν
)2
,
with h =
∑4n
j=1 ajφ
−1
η Yjφη. So it is easy to see that A is non-negative by the Cauchy-Schwarz
inequality and
∫
Λ˜(Γ) dν = 1, i.e. A(ξ) ≥ 0. Then,
sg˜Γ,Q = 8(n+ 2)
(
n+ 1− δ
2
)
e−2fTrA(ξ).(6.7)
Hence, the result follows from the fact that TrA(ξ) is nowhere vanishing on Ω(Γ) by the following
lemma. 
Lemma 6.1. If TrA(ξ) vanishes at some point ξ ∈ Ω˜(Γ) and δ(Γ) 6= 2n+ 2, then the limit set
Λ˜(Γ) is exactly one point, and A vanishes identically.
The proof is exactly the same as that in the CR case (cf. Lemma 4.1 in [33]).
Appendix A. The Green function of the qc Yamabe operator on the
quaternionic Heisenberg group
See also §2.4 in [15] for a similar calculation for regular solutions of the qc Yamabe equation.
Proof of Proposition 3.4. Without loss of generality, we assume ξ = 0. Denote η = (y, t).
Recall that ∆0 = −12
∑4n
j=1 YjYj . We have
(A.1) Y4l+j
(
1
(‖η‖4 + ǫ2)Q−24
)
= −Q− 2
4
Y4l+j‖η‖4
(‖η‖4 + ǫ2)Q+24
,
with
Y4l+j‖η‖4 = 4|y|2y4l+j + 4
3∑
s=1
4∑
k=1
bskjy4l+kts,(A.2)
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by using the expression of the vector field Y4l+j in (2.17). Note that
1√
2
Yj is an orthonormal
basis. Then we get
(A.3) ∆0
(
1
(‖η‖4 + ǫ2)Q−24
)
= −Q− 2
4
[
∆0‖η‖4
(‖η‖4 + ǫ2)Q+24
+
(Q+ 2)
4
∣∣∇0‖η‖4∣∣2
(‖η‖4 + ǫ2)Q+64
]
,
where
(A.4)
2
∣∣∇0‖η‖4∣∣2 = n−1∑
l=0
4∑
j=1
(
Y4l+j‖η‖4
)2
= 16
n−1∑
l=0
4∑
j=1
|y|4y24l+j + 3∑
s,s′=1
4∑
k,k′=1
bs
′
k′jb
s
kjy4l+k′y4l+ktsts′
 = 16‖η‖4|y|2,
by using (A.2) and
∑4
j=1 b
s
kjb
s′
jk′ = (b
sbs
′
)kk′ , antisymmetry for b
sbs
′
of s 6= s′ and (bs)2 = −id.
Similarly, by (A.2), we get
(A.5)
∆0‖η‖4 = −1
2
n−1∑
l=0
4∑
j=1
8y24l+j + 4|y|2 + 8 3∑
s=1
4∑
k,k′=1
bsk′jb
s
kjy4l+k′y4l+k
 = −2(Q+ 2)|y|2.
Then apply (A.4) and (A.5) to (A.3) to get
(A.6) ∆0
(
1
(‖η‖4 + ǫ2)Q−24
)
=
(Q− 2)(Q + 2)|y|2ǫ2
2(‖η‖4 + ǫ2)Q+64
.
Now letting ǫ→ 0, we see that for any u ∈ C∞0 (H ),∫
R4n+3
L0u · CQ
(|y|4 + |t|2)Q−24
= lim
ǫ→0
∫
R4n+3
L0u · CQ
(|y|4 + |t|2 + ǫ2)Q−24
= lim
ǫ→0
∫
R4n+3
u · CQbn∆0
(
1
(|y|4 + |t|2 + ǫ2)Q−24
)
= u(0)
by (A.6) and the formula (3.12) for C−1Q . The proposition is proved. 
For g|ξ = g0|ξ‖ξ‖2 , we can write g = φ
4
Q−2 g0 with φ = ‖ξ‖−
Q−2
2 . It follows from the transformation
law of the scalar curvature (3.6) that
(A.7)
sg,Q = φ
−Q+2
Q−2 bn∆0φ = ‖ξ‖
Q+2
2 bn∆0‖ξ‖−
Q−2
2
= −Q− 2
8
bn‖ξ‖
Q+2
2
(
Q+ 6
8
‖ξ‖−Q+142 ∣∣∇0‖ξ‖4∣∣2 + ‖ξ‖−Q+62 ∆0‖ξ‖4)
=
(Q− 2)(Q+ 2)
2
|y|2
‖ξ‖2
by (A.4) and (A.5), where η = (y, t). Similarly, we have
(A.8)
∣∣∣∣∇g (ln 1‖ξ‖
)∣∣∣∣2 = ‖ξ‖2 ∣∣∣∣∇0(ln 1‖ξ‖
)∣∣∣∣2 = 116‖ξ‖4 ∣∣∇0‖ξ‖4∣∣2 = 12 |y|2.
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